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Introduction 

Two of the most important classes of infinite-dimensional Lie groups are 
groups of smooth maps, such as the Lie group C°°{M, K) of smooth maps of 
a compact smooth manifold M with values in a Lie group K, and groups of 
diffeomorphisms, such as the group Diff (M) of diffeomorphisms of a compact 
smooth manifold M. 

A case of particular importance arises for the circle M — S^, where 
LK := C°°{S^, K) is called the loop group of K . If X is a compact simple Lie 
group, then LK has a universal central extension LK by the circle group T. 
Furthermore, the group C Diff(§^) of rigid rotations of §^ acts smoothly 
by automorphisms on LK^ this action lifts to the central extension LK^ and 
we thus obtain the ajfine Kac-Moody Lie groups LK x T^Q The twisted 



^ Strictly speaking, these are the "unitary forms" of the affine Kac-Moody groups. 
Starting with a complex simple Lie group K instead, we obtain complex versions. 
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affine Kac-Moody Lie groups can be realized in this picture as the fixed point 
groups for an automorphism a acting trivially on T^, and inducing on LK an 
automorphism of the form a{f ){t) = ip{f{Ct)), where (p e Aut{K) is an auto- 
morphism of finite order m and C E Tr satisfies = 1. On each affine Kac- 
Moody group, the group Diff_|_(§^) of orientation preserving diffeomorphisms 
of acts by automorphism, so that LK x embeds into LK xt Diff+(S^). 
Actually, the latter group permits an interesting twist, where the subgroup 
T X Diff+(S^) is replaced by the Virasoro group, a non-trivial central extension 
of Difr+(Si) by T. 

The purpose of this note is to discuss several infinite-dimensional Lie 
groups that are constructed in a similar fashion from higher dimensional com- 
pact manifolds M. Since the one-dimensional manifold M = S"'^ is a rather 
simple object, the general theory leaves much more room for different Lie 
group constructions, extensions and twistings thereof. Here we shall focus on 
recent progress in several branches of this area, in particular relating the Lie 
algebra picture to global objects. We shall also explain how this relates to 
other structures, such as multiloop algebras, which are currently under active 
investigation from the algebraic point of view ( |ABP06] . [ABFP07] ). We also 
present open problems and describe several areas where the present knowledge 
is far from satisfactory. 

The analog of the loop algebra C°° (S"'^ ,i) of a Lie algebra t is the Lie 
algebra of smooth maps g — C°°{M,t) on the compact manifold M. Here 
the compactness assumption is convenient if we want to deal with Lie groups, 
because it implies that g is the Lie algebra of any group G = C°°{M, K), where 

is a Lie group with Lie algebra 6. This group can also be identified with 
the gauge group of the trivial if-principal bundle P — M x K, so that gauge 
groups of principal bundles are natural generalizations of mapping groups. 
Twisted loop groups are gauge groups of certain non-trivial principal bundles 
over (cf. Section H]). 

For a i^T-principal bundle P — > M over the compact manifold Af, we 
write Aut(P) := Diff(P)^ for the group of all diffeomorphisms of P commut- 
ing with the if -action, i.e., the group of bundle automorphisms. The gauge 
group Gau(P) is the normal subgroup of all bundle isomorphisms inducing 
the identity on M. Writing Diff(Af)p for the set of all diffeomorphisms of M 
that can be lifted to bundle automorphisms, which is an open subgroup of the 
Lie group Diff(Af), we obtain a short exact sequence of Lie groups 

1 Gau(P) ^ Aut(P) Diff(Af)p 1 (1) 

(cf. |ACM89j ■ |Wo06| V On the Lie algebra level, we have a corresponding short 
exact sequence of Lie algebras of vector fields 

^ gau(P) ^ aut(P) := V(P)^ ^ V(Af) ^ 1. (2) 

It is an important problem to understand the central extensions of gauge 
groups by an abelian Lie group Z on which Diff(Af)p acts naturally and the 
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extent to which they can be enlarged to abelian extensions of the full group 
Aut(P), or at least its identity component. Whenever such an enlargement 
exists, one has to understand the set of all enlargements, the twistings, which 
leads to the problem to classify all abelian extensions of DifF(A/)p by Z. 
Below we shall discuss various partial results concerning these questions. We 
also describe several tools to address them and to explain what still remains 
to be done. 

The contents of the paper is as follows: After discussing old and new 
results on Lie group structures on gauge groups, mapping groups and diffeo- 
morphisms groups in Section [l] we turn in Section [2] to central extensions 
of mapping groups G :— C°°{M, K). Here we first exhibit three fundamental 
classes of cocycles over which all other non-trivial cocycles can be factored, up 
to cocycles vanishing on the commutator algebra. The fundamental cocycles 
are defined by an invariant symmetric bilinear form k : t x 6 — > y and an 
alternating map ly. t x t as follows: 

:= [«(a,de2)] G72\M,y) :- n\M,V)lAC^{M,V), 

^^^(6,6) ^7(6, 6) e C°°(Af,F) for der; = 0, 
and if d.iri{x , y , z) = y], z), we also have 

We then discuss the action of Go x Diff(M) on the corresponding central 
Lie algebra extension and explain under which conditions it integrates to 
an extension of Lie groups. Since we are also interested in the corresponding 
abelian extensions of the full automorphism group Aut(M x K) = G x Diff (Af ) 
and its Lie algebra, we turn in Section [3] to abelian extensions of V(M), resp., 
Diff(M) by the three types of target spaces 3 from above. If TM is trivial and 
y = M, then a full description of iJ^(V(Ai^), 3) in all cases has been obtained 
recently in |BiNe07| (Th eorem^^. 

In Section |4] we then turn to gauge and automorphism groups of general 
principal bundles, where the first step consists in the construction of analogs 
of the three fundamental types of cocycles. A crucial difficulty arises from the 
fact that one has to consider principal bundles with non-connected structure 
groups to realize natural classes of Lie algebras such as twisted afhne algebras 
as gauge algebras. We therefore have to consider target spaces V on which 
the quotient group tto{K) ~ K/Kq acts non-trivially and consider ii'- invariant 
forms K : ixt ^ V . A typical example is the target space V{i) of the universal 
invariant symmetric bilinear form of a semisimple Lie algebra 6 on which K = 
Aut(6) acts non-trivially. Replacing the exterior differential by a covariant 
derivative, we thus obtain cocycles 

^K(ei,6) [«(a,d6)] e7l'(Af,V) := Q\M,Y)/drY, 

where V ^ M is the flat vector bundle associated to P via the K-vtvodxAe 
structure on V . For the cocycles there are natural criteria for integrability 
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whenever 7rf){K) is finite f [NeWo07] ). but it is not so clear how to extend tj^ 
to aut(P). However, the situation simphfies considerably for the cocycle dotj^ 
with values in i?^(M, V) which extends naturally to a cocycle on aut(P) that 
integrates to a smooth group cocycle on Aut(P). 

The analogs of C°° {M, )-valued cocycles are determined by a central ex- 
tension J of 6 by F to which the adjoint action of K lifts. Here the central Lie 
algebra extension 0au(P) is a space of sections of an associated Lie algebra 
bundle with fiber We then show that for any central extension K oi K hy 
V there exists a _k'-bundle P with P/V = P, so that Aut(P) is an abelian 
extension of Aut(P) by C°° {M,V) containing the central extension Gau(P) 
of Gau(P) with Lie algebra Qau{P). There are also analogs of the ]7^(M, V)- 
valued cocycles which exist whenever the 3-cocycle y], z) is a coboundary. 
For non-trivial bundles the fact that the extension aut(P) of V(M) does in 
general not split makes the analysis of the abelian extensions of aut(P) con- 
siderably more difficult than in the trivial case, where we have a semidirect 
product Lie algebra. As a consequence, the results on group actions on the 
Lie algebra extensions and on integrability are much less complete than for 
trivial bundles. 

To connect our geometric setting with the algebraic setup, we describe in 
Section [5] the connection between multiloop algebras and gauge algebras of 
flat bundles over tori which can be trivialized by finite coverings. The paper 
concludes with some remarks on bundles with infinite-dimensional structure 
groups and appendices on integrability of abelian Lie algebra extensions, ex- 
tensions of semidirect products (such as C°°(M, 6) x V(M)), and the triviality 
of the action of a connected Lie group on the corresponding continuous Lie 
algebra cohomology. 

Throughout we only consider Lie algebras and groups of smooth maps 
endowed with the compact open C°°-topology. To simplify matters, we fo- 
cus on compact manifolds to work in a convenient Lie theoretic setup for the 
corresponding groups. For non-compact manifolds, the natural setting is pro- 
vided by spaces of compactly supported smooth maps with the direct limit 
LP-topology (cf. |KM97j . |AUM89j . pi80] . pl02] '). However, there are some 
classes of non-compact manifolds on which we still have Lie group structure 
on the full group of smooth maps (Theorem II. 4p . For groups of sections of 
group bundles one can also develop a theory for C'^- and Sobolev sections, but 
this has the disadvantage that smooth vector fields do not act as derivations 
f |SchO40 . 

Notation and basic concepts 

A Lie group G is a group equipped with a smooth manifold structure modeled 
on a locally convex space for which the group multiplication and the inversion 
are smooth maps. We write 1 G G for the identity element and Xg{x) = gx, 
resp., Pg{x) = xg for the left, resp., right multipfication on G. Then each 
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X e Ti{G) corresponds to a unique left invariant vector field xi with xi{g) := 
dXg(l).x, g G G. The space of left invariant vector fields is closed under the 
Lie bracket of vector fields, hence inherits a Lie algebra structure. In this sense 
we obtain on Ti{G) a continuous Lie bracket which is uniquely determined 
by [x,y]i = [xi,yi] for x,y £ Tx{G). We write L(G') = q for the so obtained 
locally convex Lie algebra and note that for morphisms ip: G — > H of Lie 
groups we obtain with L((/3) := T-i{if) a functor from the category of Lie 
groups to the category of locally convex Lie algebras. We write qo-Go^ Gq 
for the universal covering map of the identity component Go of G and identify 
the discrete central subgroup herqc of Go with 7ri(G) = 7ri(Go). 

In the following we always write / = [0, 1] for the unit interval in M. A Lie 
group G is called regular if for each ^ G C°°{I, g), the initial value problem 

7(0) = 1, j'it) = j{t).m = nx^(t))m 

has a solution 7^ G C°°{I, G), and the evolution map 

evolc: G°°(/,0) ^G, f ^ 7c(l) 

is smooth (cf. |Mil84| ) . For a locally convex space E, the regularity of the 
Lie group {E,+) is equivalent to the Mackey completeness of E, i.e., to the 
existence of integrals of smooth curves j: I E. We also recall that for 
each regular Lie group G, its Lie algebra g is Mackey complete and that all 
Banach-Lie groups are regular ( |GN07| ). For a smooth map f : M G we 
define the left, resp., right logarithmic derivative in i7^(M, g) by 6^{f)v := 
f{m)~^ ■ Tm{f)v and 5^{f)v := Tm{f)v ■ f{m)~^, where • refers to the two- 
sided action of G on its tangent bundle TG. 

A smooth map expg. : L(G) ^ G is said to be an exponential function if 
for each x G L(G), the curve jx{t) ■= expQ(te) is a homomorphism R — > G 
with 7^(0) — X. Presently, all known Lie groups modelled on complete lo- 
cally convex spaces are regular, hence possess an exponential function. For 
Banach-Lie groups, its existence follows from the theory of ordinary differen- 
tial equations in Banach spaces. A Lie group G is called locally exponential, 
if it has an exponential function mapping an open 0- neighborhood in L(G) 
diffeomorphically onto an open neighborhood of 1 in G. For more details, we 
refer to Milnor's lecture notes [Mil84| . the survey |Ne06aj or the monograph 
|GN07j . 

li q: E B is a smooth fiber bundle, then we write EE := 

{s G C°°{B, E): q o s = ids} for its space of smooth sections. 

If g is a topological Lie algebra and V a topological g-module, we write 
(G'(g,y),dg) for the corresponding Lie algebra complex f [ChE48j l. 
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1 Lie group structures on mapping groups and 
automorphism groups of bundles 

Before we turn to extensions, we collect in this short section some results on 
Lie group structures on gauge groups and automorphism group of bundles 
and introduce notation and conventions used below. Some of the material is 
classical, but there are also some new interesting results. 

1.1 Automorphism groups of bundles 

Theorem 1.1. Let M be a compact manifold and K a Lie group with Lie 
algebra Then the following assertions hold: 

(1) Diff (M) carries the structure of a Frechet-Lie group whose Lie algebra is 
the space V(M) of smooth vector fields on M . 

(2) G :— C°"{M,K) carries a natural Lie group structure with Lie algebra 
Q := C°°{M, t), endowed with the pointwise bracket. If {ip, U) is a t-chart 
ofK, hen {ifiG, Ug) with UG:={f€G: f{M) C U} and cpGif) = ^Kof 
is a Q-chart of G. 

For (1) we refer to |Les67j . |Omo70j . and jHa82| . and for (2) we refer to 
|Mil84| and p^diSO] (see also |GN07| for all that). 

Theorem 1.2. If q: P — > M is a smooth principal bundle over a com- 
pact manifold M with locally exponential structure group K , then its gauge 
group Gau(P) and its automorphism group Aut(P) carry Lie group struc- 
tures turning ^ into a Lie group extension, where the group Diff(M)p is 
open in Diff(M). In particular, the conjugation action o/ Aut(P) on Gau(P) 
is smooth. 

For the case where K is finite-dimensional this can be found in |KYM085] , 
|ACM89j and [KM97| . For general locally exponential Lie groups iC, this has 
recently been proved by Ch. Wockel |Wo06| . 

Remark 1.3. (a) li P ^ M xK \sa. trivial bundle, the group extension Aut(P) 
splits and we have 

Aut(P) = Gau(P) X Diff (Af) where Gau(P) C°°(M, K). 

Here Diff(M) acts on P by ip.{m,k) := {ip{m),k) and C°°(M, if) acts by 
f.[m,k) = (rn, f(rn)k). 

(b) For any principal X-bundle P, each gauge transformation (p E Gau(P) 
determines a unique smooth function /: P K hy ^p{p) — p.f{p) for p G P. 
Then / satisfies f{p.k) = k~'^f{p)k, and any such function corresponds to a 
gauge transformation tpj , so that 

Gau(P) - {/ e C°°{P,K): (Vp e P)(Vfc G K) f{p.k) = k-^f{p)k}. 
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Accordingly, we have on the level of vector fields 

0au(P) = U e C°°(F,t): (Vp G P)(Vfc e K) ^{p.k) = Ad(fc)-iC(p)}. 

(c) For any connected manifold M, the universal covering map 
qm M ^ A4 defines on M the structure of a 7ri(M)-principal bundle, where 
7ri(M) denotes the group of deck transformations of this bundle, considered 
as a discrete group. Then 

Gau(M) = Z{ni{M)) and Aut(M) = C^.^^J;^^^{'Kl{M)). 

If M is compact, then Aut(M) carries a natural Lie group structure turning 
it into a covering of the open subgroup Diff(M)jjjj of Diff(M) with kernel 

Z{-Ki(M)). The normalizer Diff(M) of iii(M) in Diff(M) carries a Lie group 
structure that leads to a short exact sequence 

1 ^ 7ri(Af) -> Diff(Af) ^ Difr(A.f) ^ 1. 

This is due to the fact that each diffeomorphism of M lifts to some dif- 
feomorphism of M normalizing 7ri(M), but in general it does not centralize 
7ri(M). 

(d) Let p: ■ni{M) K he a, homomorphism and 

Pp ■=MXpK := (M X K)/ni{M) 

be the corresponding flat ii'-bundle associated to the 7ri(M)-bundle M via p. 
Then Pp is the set of 7ri(M)-orbits in M x K for the right action (m, fc).7 := 
(m.7, p(7)~^fc). We write [{m,k)] for the orbit of the pair {fh^k). Then 
s: M ^ P, s{m) := [(to, 1)] is a smooth function with q o s = qm, satisfying 

s(to.7) = s(to).p(7) for to £ Af , 7 G 7ri(Af). 

In view of P = s{M).K, any bundle automorphism [p is determined by its 
values on the image of s. If (ys G Diff(Af) is the corresponding diffeomorphism 
of M and ip is a lift of ip to a diffeomorphism of A/, then ip can be written 

p{s{fri)) = s{ip{m)).f{m) (3) 

for some smooth function f : M ^ K, satisfying 

f{rri)p{j) ^ p{ipjip~'^)f{fh.j) for to G A/, 7 G 7ri(Af). (4) 

Conversely, if (jH) it satisfied, then ^ defines an automorphism of P. We thus 
obtain a gauge transformation if and only if ip — id^/ , which leads to 

Gau(F) - {/ G C°°(M, K) : (V7 G n^{M)) / o 7 = c'^^^ o /}, 
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where Ck{h) :— khk ^. The group Aut(Af) defined under (c) acts naturally 
on P, preserving s(M), via ip{s{fh)) s{(f{m)). An element of this group 
induces the identity on M if and only if it comes from some 7 G Z(7ri(M)), 
and this corresponds to the constant function M ^ K with the value ^(7). 
We thus obtain an open subgroup of Aut(P) as the quotient 

(Gau(P) xj Aut(M))/Z(7ri(M)). 

Accordingly, the horizontal lift X t-^ X oi vector fields on M to vector 
fields on P yields an isomorphism 

aut(P) ^ Qau{P) >i V{M), 

where 0au(P) ^ {/ G C°°(M, t) : (V7 G 7ri(Af)) fo^ = Ad(p(7))-i o /}. 

1.2 Mapping groups on non-compact manifolds 

For a non-compact smooth manifold M, the above constructions of the atlas on 
C°°{M, K) does no longer work because the sets Ug are not open. However, it 
turns out that in some interesting cases there are other ways to obtain charts. 
To formulate the results, we say that a Lie group structure on G = C°° (M, K) 
is compatible with evaluations if g := C°°(M, 6) is its Lie algebra and all 
evaluation maps ev^ : G ^ K, m & M, are smooth with L(ev^) = ev^. We 
then have (cf. [NeWanTQ : 

Theorem 1.4. Let K be a connected regular real Lie group and M a real 
finite- dimensional connected manifold (with boundary). Then the group 
C°° (M, K) carries a Lie group structure compatible with evaluations if one 
of the following conditions hold: 

(1) The universal covering group K of K is diffeomorphic to a locally convex 
space; which is the case if K is finite-dimensional solvable. If in addition, 
7ri(Af) is finitely generated, the Lie group structure is compatible with the 
.smooth compact open topology. 

(2) dimM = 1. 

(3) M = R'^ X C, where C is compact. 

For complex groups we have ( [NeWaOT] . Thms. III.12, IV. 3): 

Theorem 1.5. Let K be a connected regular complex Lie group and M a 
finite- dimensional connected complex manifold without boundary. Then the 
group 0{M,K), endowed with the compact open topology, carries a Lie group 
structure with Lie algebra C(M, 6) compatible with evaluations if 

(1) K is diffeomorphic to a locally convex space. If, in addition, ■ni{M) is 
finitely generated, the Lie group structure is compatible with the compact 
open topology. 
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(2) dime iV/ — I j is finitely generated and K is a Banach~Lie group 

Problem 1.6. (1) Do the results of Section 3 below on central extensions of 
mapping group C°° (M, K) extend to corresponding groups of smooth and 
holomorphic maps on non-compact manifolds whenever Theorem ll.4l or The- 
orem [T3] provide a suitable Lie group structure? For corresponding results on 
groups of compactly supported maps we refer to [Ne04b| . 

(2) Find an example of a connected non-compact smooth manifold M 
and a finite-dimensional Lie group K for which C°°{M, K) does not carry a 
Lie group structure compatible with evaluations. The first candidate causing 
problems is the compact group K = SU2(C) and M should be a manifold that 
is not a product of some M" with a compact manifold (cf. Theorem II. 4f 3)): 
which excludes all Lie groups and all Riemannian symmetric spaces. 

(3) Do the preceding theorems generalize in a natural way to gauge groups? 
Which restrictions does one have to impose on the bundles? 

2 Central extensions of mapping groups 

In this section we discuss several issues concerning central extensions of map- 
ping groups. We start with a description of the fundamental types of 2-cocycles 
on the Lie algebra q :— C°°{M,f.), where M is a finite-dimensional smooth 
manifold and t a finite-dimensional Lie algebra over K G {R, C}. These 

cocycles have values in spaces like C'^{M,V), n^{M,V) and H^{M,V) = 
f2^{M, V)/dC°°{M, V). In particular we describe what is known about their 
integrability to corresponding central Lie group extensions. This is best un- 
derstood for the identity component C°°(M, K)o, but the extendibility to all 
of C°°{M, K) is not clear (cf. Problem 17.51 below) . In Section [4] below we out- 
line some generalizations of the results in the present section to gauge groups 
of non-trivial bundles. 

2.1 Central extensions of C°°(M,t) 

We write [a] € n^{M,V) for the image of a 1-form a e n^{M,V) in this 
space. The subspace dC°° (M, V) of exact valued 1-forms is characterized 
by the vanishing of all integrals over loops in M, hence a closed subspace, and 
therefore f2 (M, V) carries a natural Hausdorff locally convex topology. 

For a trivial t-module V, we write Sym^(6, 1/)' for the space of valued 
symmetric invariant bilinear forms, and recall the Cartan map 

r: Sym2(e,y)' r{K){x,y,z) -.= K{[x,ylz). 

We call K exact if /^(k) is a coboundary. 

Theorem 2.1. Each continuous 2-cocycle with values in the trivial g-module 
K zs a sum of cocycles that factor through a cocycle of one of the following 
types: 
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(I) Cocycles w« G Z^{g,T2\M,V)) of the form 

c^K(ei,^2) = K^i,d^2)], K e Sym2(e,y)«, 

where K(^i,d^2) is considered as a V-valued l-form on M. 

(II) Cocycles tu^ G ^^(g, C°°(M, F)) 0/ i/ie /orm 

(III) Cocycles uj^,^ e ^^(g, ^^^(M, V)) of the form 

w,*,^(a,6) = K(ei,d6) - '«(6,dei) - d(ry(a,6)), 

where rj G C^(t, y) and k G Sym^(6, y)* are related by r{fi) — dfry. 

(IV) Cocycles vanishing on g' x g, where g' = C°°(A/, 6') is </ie commutator 
algebra, i.e., pull-backs of cocycles of an abelian quotient of q. 

Proof. First we apply |NeWa06] (Lemma 1,1, Thm. 3.1, Cor. 3.5 and Sec- 
tion 6) to g = C°°{M,K) (g) t to see that after subtracting a cocycle of type 
(IV), each continuous cocycle lu G Z^(g,IK) can be written as 

u:{f ®x,g(^y) = (3aifdg - gdf ){x,y) - (3s{fg){x,y), (5) 

where 

(3a : f2^{M, K) Sym2(e, K)* and (3s ■ C°°{M, K) -> C^{t, K) 
are continuous liner maps coupled by the condition 

r(/3a(d/)) = dj(/3,(/)) for /gC°°(M,K). (6) 
Conversely, any pair (/3q,/3s), satisfying © defines a cocycle via (O: 

(djc^)(/ ®xj'® x\ f" ® x") - -Y^^iff ® [x, xlf" (g> x") 

eye. 

= -j2Paifrdr' -f''diff'Mx,xix'')+j2iUff'f")i[x,^'hx") 

eye. eye. 

= r{(3a{d{ff'f"))){x, x',x") - d((/3,(//7"))(x, x',x"). 

Let V{t) :— S'^(6)/fi.S'^(fi) be the target space of the universal invariant 
symmetric bilinear form Ku{x,y) := [a; V y] and observe that Sym^(6, K)' = 
V(J)*. We write Sym^(t, E;)J^ for the subspace of Sym^(t,K)'' consisting of 
exact forms, and V{i)o C V(t) for its annihilator. Then there exists a linear 
map 

X: Sym2(«,K)L->C2(t,K) with d((x(/3)) - /^(/?)- 

As (3a{dC°°{M,K)) C Sym2(£,K)^^, we may use the Hahn-Banach Ex- 
tension Theorem to extend (3a from dC°° ( Af , K) to a continuous linear map 
Pa-. f2HM,K) ^ Sym2(e,K)«^ and put /?,(/) := xiMdf), so that 
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w(/ ® X, /' x') := paifdf - f'df){x, x') - Psiff'){x, x') 

is a 2-cocycle. Further, (3a '■= Pa — Pa vanishes on dC°°(M, K), so that the 
values of P^ := Ps — Ps are cocycles. Hence both pairs {Pa,0), resp., (0, — 
define cocycles, u)2, resp., ws, satisfying 

OJ = UJ + U>2 — 

We now show that each of these summands factors through a cocycle of 
the form (I)-(III). For u)2 we put V := V{t), so that we may write 

UJ2if «) X, /' ® X') = Paifdf - /'d/)(x, X') = Paifdf - f'df ® .t')), 

where Pa ■ (M, V) = (M, K) (g) y ^ K is a continuous linear map van- 
ishing on dC°°(M, V). This shows that UJ2 factors through a cocycle of type 
(I) with values in 7?\m, V). 

For we put V := Z^(t,]K)*, and write r]u € Z'^{t,V) for the 2-cocycle 
defined by ■qu{x,x){f) = f{x,x') for / e Z'^{t,K). Then 

W3(/ ® x, /' ® x') = Ps{ff){x, x') = r,u{x, x'){Ps{ff')) = Psiff ® a;')), 

where P^: C°°(M, V) ^ C°°(Af,K) V ^ K is a continuous linear map. 
Hence UJ3 factors through a cocycle of type (II) with rj = r]u- 

Finally, we turn to cD. Now we put V := V{t)/V{t)o, so that V* ^ 
Sym^(J,IK)'^ and write n: t x t V for the symmetric bilinear map ob- 
tained from Ku- Wo note that X- V* ^ C^{i,K) defines a map x* G C^{i, V) 

by 

x(A)(x,t/) = A(x*(a;,2/)) for x,yGt,XGV*. 

For each A £ we then identify A with the corresponding bilinear form A o k 

and obtain 

A o d((x«) = d((A o x«) = d{(x(A)) = r(A) = r(A o «) = A o r(K), 

showing that d{(x*) = /^(k). 

Let r2i(M,l/) ^ n'^{M^K) ^ V K he the continuous linear func- 
tional defined by (81 = Pa{a){v). Then 

^„ («(/ O x, df O x') - ® x', d/ ® x) - d(x« (/ ® X, /' ® x'))) 
= Aiifdf - f'df) ® «(x, x') - d(//' ® x*(a;, x'))) 
= Paifdf - /'d/)(x,x') - /3,(d(//'))(x»(x,x')) 
= ^„(/d/' - /'d/)(x,x') - x(/3a(d(//')))(x,x') 
= ^„(/d/' - /'d/)(x,x') - Ps{ff'){x,x') =u{f®xj'® x'). 

This completes the proof. □ 
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Remark 2.2. (a) The central extension g C°°{M,V) g defined by a 
cocycle ujjj of type (II) can also be described more directly: If 6 = F t is 
the central extension defined by rj, then g ^ C°°(M,?) ^ C°°{M,K) (g) t, i.e., 
the C°° (M, K)-Lie algebra g is obtained from i by extension of scalars from 
K to the ring C°°(M,K). 

(b) For any 5? e C°°(M, ^^(t, V)), 

(^f}{^i,£,2){m) := r}{m){£,i{m),£,2{m)) 

also defines a continuous C°°(Af, y)-valued 2-cocycle on g. To see how these 
cocycles fit into the scheme of the preceding theorem, we observe that 
Z'^{i,V) is finite-dimensional (if t and V are finite-dimensional), so that 
f] = X;r=i (^i-Vi for some a, € C°°{M, R) and rji e ^^(t, F). This leads to uj^ = 

cti -uJrii, showing that wjj factors through the cocycle with values 

in C°°(M, y)" ^ C°°(M, F"). 

All the cocycles cofj are C°°(Af, M)-bilinear and if such a cocycle is a 
coboundary, there exists a continuous linear map /? : g ^ C°° {M, V) with 
'i^j;('^i, C2) — /9([C2,'?i]) for "^1,^2 G g. This relation easily implies that the re- 
striction of /3 to the commutator algebra g' = C°°(M, t') is C°°{M, K)-bihnear 
so that we may w.l.o.g. assume that /3 itself has this property. Then there ex- 
ists a smooth map (3: M ^ IIom(t, V) with /?(^)(m) = (3{rn){S^{m)) and we 
obtain ^ 

dj(/3(m)) = rj{m) for m G M. 

Thus cjfj is a coboundary if and only if rj{M) consists of coboundaries. In 
particular, [uj-q] = is equivalent to [rj] = Q ii rj = rj is constant, which 
corresponds to cocycles of type (II). 

(c) Each cocycle Wk.jj of type (III) may be composed with the quotient 

map q: n^{M,V) i7^{M,V), which leads to the cocycle qoujK.,rt ~ 
of type (I). Here the exactness of k ensures the existence of a lift of lo^, to 
an (A/, y)-valued cocycle. If 77 G C'^{t,V) also satisfies dj-Ty — r{K), then 
e Z^{t,V) and 

^K,rj — i^K.-q + d O Uj^^ri (7) 

is another lift of 2wk. 

(d) If 6 is a semisimple Lie algebra and k: 6 x 6 ^ y(t) is the universal 
invariant symmetric bilinear form, then the corresponding cocycle lo^ with 
values in Q {M,V{i)) is universal, i.e., up to coboundaries each 2-cocycle 
with values in a trivial module can be written as f ouJk for a continuous linear 
map /: jt{M,V{i)) V (cf. [MaQ2], [PS86]). 

(e) Cocycles of type (III) exist if and only if t carries an exact invari- 
ant symmetric bilinear form k with F^n) ^ 0. Typical examples of Lie al- 
gebras with this property are cotangent bundles t = T*{\)) := t)* x [} with 
«((«, x), [a' ,x')) := a(x') -\- a'{x) and ri((a, x), (a', x')) := a'{x) — a'{x) (cf. 
[NeWaOej . Example 5.3). 
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(f) Cocycles of the types (I)- (III) can also be defined if t is an infinite- 
dimensional locally convex Lie algebra. In this case we require k and 77 to be 
continuous. The only point where we have used the finite dimension of i in 
the proof of Theorem 12.11 is to show that every K- valued cocycle is a sum 
of cocycles factoring through a cocycle of type (I)-(IV); the corresponding 
arguments do not carry over to the infinite dimensional case. 

Remark 2.3. Many results concerning cocycles of type (l)-(lll) can be reduced 
from general manifolds to simpler ones as follows. 

For cocycles of type (I) , the integration maps : Q {M, ) — > V, 7 G 
C°°{S'^,M), separate the points. Accordingly, we have pull-back homomor- 
phisms of Lie groups 7* : C°°(M, K) — > C°°{§^,K), J ^ f satisfying 

/ o^f - / ° (L(7*) X L(7*)), (8) 

which can be used to reduce many things to M — (cf. [MN03j ). 
For cocycles of type (II) , the evaluation maps 

ev^: C°°(M,l-)^F, / ^ /(m) 

separate the points and the corresponding evaluation homomorphism of Lie 
groups ev^ : C°°(M, K) ^ K, f ^ f{m), satisfies 

ev^, o cj„ 77 o (L(ev^) x L(cv^)) =770 (ev^ x ev*„). (9) 

Finally, we observe that for cocycles of type (III), the integration maps 
Q'^{M,V) ^ y,7 e C°°{I,M), separate the points and that the pull- 
back homomorphism 7* : C°°{M, K) C°°{I, K) satisfies 

y^o^^-^,=^oc.^„o(L(7*)xL(7*)). (10) 
2.2 Covariance of the Lie algebra cocycles 

In this subsection we discuss the covariance of the cocycles of type (I)- (III) 
under Diff (Af) and C°°(M, K), i.e., the existence of an actions of these groups 
on the centrally extended Lie algebras = 3 ®ui 0, compatible with the actions 
on and 3. For Diff(M), the situation is simple because the cocycles are in- 
variant, but for C°°{M, K) several problems arise. For the identity component 
C°°(M, if )o, the existence of a corresponding action on g is equivalent to the 
vanishing of the flux homomorphism (Proposition 17. l| ) . but for the existence 
of an extension to the full group there is no such simple criterion. 

Remark 2.4. (Covariance under Diff(M)) (a) The Lie algebra V{M) acts in 
a natural way on all spaces f2P{M, V) and n^(M, V) and it acts on the Lie 
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algebra g = C°°(M, i) by derivations. With respect to this action, all cocycles 
LOi^^LOji and w^.r; a-re V(Af)-invariant, hence extend by 

^{{f,X),{f\X')) 

to cocycles of the semidirect sum g x: V(M). 

(b) These cocycles are invariant under the full diffcomorphisni group 
Diff(M), which implies that the diagonal action of this group on the corre- 
sponding central extension defined by ip.{z,f) := {{(p~^)* z, ip.f) is a smooth 
action by Lie algebra automorphisms ( [MN03| . Thm. VI. 3). 

Remark 2.5. (Covariance under C°°{M,K)) (a) For lu^ e Z^iQ,^^ {M,V)) of 
type (I) we also have a natural action of the full group C°° (M, K) on the 

extended Lie algebra g = 'n\M,V) g ( |MN03j . Thm. VL3). If d{f) := 
6\f) denotes the left logarithmic derivative of /, then 9{f){x) := [k((5(/), x)] 
defines a linear map g — > 12 (M, V), satisfying 

so that 

Ad5(/).(z,0 (z-0(/)(O,Ad(/)O 

defines an automorphism of g (Lemma 17.61) , and we thus obtain a smooth 
action of the Lie group C°°(M, K) on g. 

(b) Let if be a connected Lie group with Lie algebra t,V a. trivial t-module 
and?7 G Z'^{J,V) be a 2-cocycle. For the cocycle w,, e ^^(g, C°°(Af, F)) of type 
(II), the situation is slightly more complicated. We recall from Proposition l7.ll 
below that the action of if on t lifts to an action onl = V t if and only if 
the flux 

F„ : ^i(if ) ^ HomLic(t, V) - H\t, V) 

vanishes. 

Let mo e Ai be a base point and CJ°(M, if) < C°°(M, if) be the normal 
subgroup of all maps vanishing in ttiq. Then this also is a Lie group, and 

C°°{M,K) ^ C!^{M,K) yi if 

as Lie groups. If qx - K ^ K denotes the universal covering group, then a 
smooth map f : M ^ K vanishing in mo lifts to a map M ^ if if and only 
if the induced homomorphism 7ri(/) : 7ri(Ai) 7ri(if) vanishes. We therefore 
have an exact sequence of groups 

1 ^ C^{M,K) Cr(Ai,if) ^ Hom(^i(Ai),^i(if)), (11) 

and since 7ri(Ai) is finitely generated because Ai is compact, we may consider 
C^(Ai, if) as an open subgroup of C°°(Ai, if). From the canonical action Ad| 
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K oni. we immediately get a smooth action of C°° (M, K) on g = C°° (M, 6) 

by 

(Ad5(/).e)(™) := AdY(/(m)).e(m). 
This shows that the flux 

F^^ : ^i{C^{M,K)) - Tii{C^{M,K)) x ^^{K) ^ H\q,C^{M,V)) 

vanishes on the subgroup 7ri(C^(M, i^T)), hence factors through the flux F,-i 
of rj. 

For any / G C°°(Af, i^T) and m e A/, the connectedness of K implies that 
Ad{f{m))*ri — ry is a 2-coboundary (Theorem 19. ip . and from that we derive 
the existence of a smooth map 6 : M ^ C^{i, V) with Ad(/(m)~^)*?7 — rj = 
d{(0(m)) for m G M. Now the automorphism Ad(/) lifts to an automorphism 
of 5 (Lemma l7.6p . 

(c) To determine the covariance of the cocycles uji^^rj of type (III) under 
the group C°°(M, K), we first observe that for / e C°°{M, K) and 6, 6 G 
we obtain similarly as in [MN03| . Prop. III. 3: 

(Ad(/)*co«,„)(a,6) = 

«(Ad(/).a,d(Ad(/).6))-«(Ad(/).6,d(Ad(/).ei))-d((Ad(/)*r;)(a,6)) 
= d6) - n{^2A£.i) + M5\f), [6, a]) - d((Ad(/)*77)(6,6)) 
= 6) + 2«(5'(/), [6,6]) - d((Ad(/)*7? - 77)(ei, 6)) • 

It is clear that the term k((5'(/), [6ifi]) is a Lie algebra coboundary. To see 
that the second term also has this property, we note that /^(k) = djTy implies 
that for ech cc G 4 the cochain ix{6.iri){y, z) = — K{x,[y,z\) is a 

coboundary. Hence Cxi^] = ix^irj -\- 6.^(1 xif) also is a coboundary and since K is 
connected, for each m G M the cocycle Ad{ f{m))*ri — r] is a coboundary. With 
Lemma [7^ we now see that for each smooth function /: AI ^ K, the adjoint 
action on g lifts to an automorphism of the central extension g, defined by 
u)K.,r]- If / is not in C°°{M, K)o, i.e., homotopic to a constant map, this does 
not follow from Theorem l9.ll 

Problem 2.6. For which groups K and which connected smooth manifolds 
M does the short exact sequence 

1 C°°{M,K)a C°^{M,K) tto{C°^ {M , K)) ^ [M,K] ^ 1 

split? 

If if ^ t/TK is abehan, then C°°(Af, ii:)o is a quotient of C°°(M, t), hence 
divisible, and therefore the sequence splits. 

If K is non-abelian, the situation is more involved and even the case M = 
is non-trivial. Then [M, K] = tti {K) and if K is abelian, then we obtain 
a splitting from the isomorphism Tri{K) ~ Hom(T, if). If K is solvable and 
T C if is a maximal torus, then K ~ M™ x T as a manifold ( }IIo65j ). so 
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that [M, K] = [M, T] and we obtain a splitting from the sphtting [M, T] — > 
C°°{M,T) C C°°{M,K). The case of compact (semisimple) groups is the 
crucial one. 

If M is a product of d spheres (f.i. a d-dimensional torus), then [ill, K] is 
nilpotent of length < d which is not always abelian ( |Whi78j . Th. X.3.6). 

Problem 2.7. Can the automorphisms of the central extensions Q — ^ ®uj Q 
of type (I) — (III) corresponding to elements of C°° {M, K) be chosen in such 
a way as to define a group action? If i and hence g is perfect, this follows 
trivially from the uniqueness of lifts to g. In general, lifts are only unique up 
to an element of of the group iJ^(g,3), so that only an abelian extension acts. 
Are the corresponding cohomology classes in H'^{C°° {M, K),-^) arising this 
way always trivial? Since the action of g on g is determined by the cocycle, 
we obtain an action of the identity component C°°{M, K)q whenever the flux 
vanishes, and then the restriction of the cocycle to the identity component is 
trivial. 

Here even the case M = of loop groups is of particular interest. Then 
TTo{C°° {S^ , K)) = TTi{K), so that we have a natural inflation map 

and it would be nice if all classes under consideration can be determined this 
way. 

If we have a semidirect decomposition C°°{M, K) ^ C°°(M, K)q x [M, K], 
then the present problem simplifies significantly because then semidirect prod- 
uct techniques similar to those discussed in Appendix B for Lie algebras apply. 

Problem 2.8. Generahze the description of K) obtained in [NeWa06| 

under the assumption that A is unital to non-unital commutative associa- 
tive algebras. This would be of particular interest for algebras of the form 
C^(M, M) (functions vanishing in one point) or the algebra C^(iV/, R) of 
compactly supported functions. 

If := yl © K is the algebra with unit 1 = (0, 1), then we have 

(g) J = (A (g) 6) >^ e, 

so that we may use the semidirect product techniques in Appendix B below. 
2.3 Corresponding Lie group extensions 

It is a natural question to which extent the cocycles of the form Wk, w?; and 
Wk,,, on g = C°°(M, 6) actually define central extensions of the corresponding 
group C°°iM,K). 

Cocycles of the form uj^ for a vector- valued k: i x t ^ V are treated in 
[MN03] , where it is shown that the corresponding period homomorphism 
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(cf. Appendix A) has values in the subspace H^j^{AI, V), and the image con- 
sists of cohomology classes whose integrals over circles take values in the image 
of the homomorphism 

per,:TT,{K)-.V, [a] ^ [ r(«r, 

where G i^^{K, V) is the left invariant closed 3-form whose value in 1 

is r{K). The flux homomorphism 

F^: TTi{C°^{M,K)) ^ H\q,T]\m, V)) 

vanishes because the action of g on the central extension g defined by 
integrates to a smooth action of the group C°°{M, K) on g (Remark 12. Sf a). 
|MN03| . Prop. III.3). This leads to the following theorem ( [MNOSj . Thms. 1.6, 
II.9, Cor. III.7): 

Theorem 2.9. For the cocycles uj^ and the connected group G :— C°°{M, K)o, 
the following are equivalent: 

(1) integrates for each compact manifold AI to a Lie group extension of G. 

(2) lUk integrates for M — S^ to a Lie group extension of G. 

(3) The image ofpei^^ in iJ^f^(M, V^) C X? {M,V) is discrete. 

(4) The image of per ^ in V is discrete. 

These conditions are satisfied if k is the universal invariant bilinear form with 
values in V{i). 

Remark 2.10. Composing a cocycle with the exterior derivative, we obtain 
the ]7^(Af, F)-valued cocycle 

(doco„)(a,6) - K(d6,d6)- 

In view of |MN03j . Thm. III. 9, we have a smooth 2-cocycle 

/2) 5\f,) A, 5^{f2) = 5^{fi) A. M{f^).5^{f2) 

on the full group {M, K) which defines a central extension by ]7^(M, V) 
whose corresponding Lie algebra cocycle is 2d o tj^. Here Ak denotes the nat- 
ural product n^{M,t) X f2^{M,i) n'^{M,V) defined hy n: t x i ^ V. 
In Subsection 14.21 below, this construction is generalized to gauge groups of 
non- trivial bundles. 

For the cocycles of type (II), the situation is much simpler (Theorem l7.2l) : 

Theorem 2.11. Let K be a connected finite- dimensional Lie group with Lie 
algebra t, rj £ Z'^{t, V), and i — V i. Then the following are equivalent: 

(a) The central Lie algebra extension q = G°° {AI,V) Q of g = G°°{M,i) 
integrates to a central Lie group extension of C°°{AI, K)q. 
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(b) t — > t integrates to a Lie group extension V ^ K ^ K . 

(c) The flux homomorphism F,^ : Tri{K) H^{t, V) vanishes. 

If this is the case, then 

1 ~* C°°{M, Z) C°°{M, k) C°°{M, K)~^l 

defines a central Lie group extension of the full group C°° {M, K) integrating g . 

Proof. For m e M, the relation evj^ o = L{ev^)*r] = {eVm)*V (® in 
Remark [2?3l) leads to ev^ o per^^ = per^ o7r2(ev^) (see ([TT)) in Remark \7A^ . 
Since 'K2{K) vanishes ( |CaE36] ). the period map per^ is trivial and therefore 
all maps evj^ o per^^^ vanish, which implies that per^^^ = 0. 

A direct calculation further shows that the flux homomorphisms F,, and 
F^^ : 7ri(G) ^ H\e, C^{M, V)) satisfy 

F.^Mmi^) = ^.(K^ °7])(eM), e e 0, M e 7ri(G) 

(see (fT8|) in Remark l7.4p . Therefore vanishes if and only if F^^ does. Now 
Theorem 17.21 below shows that (a) is equivalent to (b) which in turn is equiv- 
alent to (c) because all period maps vanish. 

If these conditions are satisfied, we apply loc. cit. with V" = A to obtain a 
central extension V ^ K ^ K . This extension is a principal V^-bundle, hence 
trivial as such, so that there exists a smooth section a: K ^ K. Therefore 
C°° {M, K) is a central Lie group extension of C°° (M, K) with a smooth global 
section. □ 

Remark 2.12. If, in the context of Theorem l2.1H qK : K ^ K \s a. connected 
Lie group extension oi K hy Z ^ V / Fz , Fz C V & discrete subgroup, and 
L(i^) = t = F 6, then K does in general not have a smooth global section 
and the image of the canonical map C°° {M, K) C°° {M, K) only is an open 
subgroup. 

In our context, where K is finite-dimensional, the obstruction for a map 
/ : M ^ K to lift to K can be made quite explicit. The existence of a smooth 
lift f : M ^ K oi f is equivalent to the triviality of the smooth Z-bundle 
f*K — * M, and the equivalence classes of these bundles are parametrized by 
H^{M,Fz) (cf. ,Bry93, ) . Describing bundles in terms of Cech cocycles, it is 
easy to see that we thus obtain a group homomorphism 

C°°(Af,i^) ^ H\M,Fz), f ^ [f*k] 

which factors through an injective homomorphism 

7To{C°^{M,K)) - [M,K] ^ H\M,Fz), [/] ^ [.f*k] 

of discrete groups. 
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Since Tr2{K) and i^,, vanish, Remark 6.12 in |Ne04aj implies that the ho- 
mology class [A'] G H^{K,rz) vanishes on H2{K), so that the Universal Co- 
efficient Theorem shows that it is defined by an element of Ext{Hi{K), Fz) = 
Ext{TTi{K), Fz), we may interprete [f*K] as an element of the group 
Ext(7Ji(M), Fz). The long exact homotopy sequence of the Z-bundle K con- 
tains the short exact sequence 

l^Fz= ni{Z) ^ 7ri(/?) ^ ni{K) ^ 1, 

which exhibits t:i{K) as a central extension of t:i{K) corresponding to the 
class in Ext(7ri(_ft'), T^). 

We now see that the homomorphism from above yields an exact sequence 
of groups 

C°°{M,K) -> C°°{M,K) Ext{Hi{M),Fz). 

Here the rightmost map can be calculated by first assigning to / G C°°{M, K) 
the homomorphism Hi{f) : Hi{M) Hi{K) ^ tti{K) and then Hi{f)*[k] e 
Ext(_ffi(Af), Fz), which can be evaluated easily in concrete cases. 

Now we turn to cocycles of type (III). We start with a key example: 

Example 2.13. Let 6 be a locally convex real Lie algebra and consider the 
locally convex Lie algebra g := C°°{I, t), where / :— [0, 1] is the unit interval. 

Let k: t X i V he SL continuous invariant symmetric bilinear form with 
values in the Mackey complete space V and consider as a trivial g-module. 
If F{k) = de?7 for some r] € C^{t, V), then the cocycle w^,,, e Z^{q, f2^{I, V)) 
vanishes on the subalgebra t C g of constant maps. 

Let K he a connected Lie group with Lie algebra 6 and G := C°°{I,K). 
The map H : I x G ^ G, H{t, f){s) := f{ts) is smooth because the corre- 
sponding map H: I xG x I —f K, H{t, f, s) f{ts) is smooth (cf. |NeWa07) . 
Lemma A. 2). Since Hi = ida and i?o(/) — /(O), i? is a smooth retrac- 
tion of G to the subgroup K of constant maps. Therefore the inclusion 
j : K G induces an isomorphism 7r2(j); ■n2{K) 'K2{G). The period map 
per^j^ ^ : n2{G) V satisfies per^^^ ^ °T^2{j) = per^-.^^^ „ ~ ^ because the cocy- 
cle j*LOK^ri = ^K,ri\txt vanishes, so that the period group of w^.r; is trivial. 

Theorem 2.14. Let M he a smooth compact manifold, 6 a locally convex Lie 
algebra, k: t x ^ ^ V a continuous invariant symmetric bilinear form and 
T] e C^(fi, V) with F{k) = dtrj. For a connected Lie group K with Lie algebra 
t and G := C°°{M, K), the following assertions hold: 

(a) The period map per^^^ ^ : 7r2(G) f2^(M, V) vanishes. 

(b) // K is simply connected, then the flux F^^ ^ vanishes. 

(c) If K is finite- dimensional, then there exists ry G C'^{t,V) with d.frj= F{k) 
for which the flux F^^ ^ vanishes. 

(d) If F^^^ — 0, thenu!K,,rj integrates to a central extension of Go by [2^{M, V). 
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Proof, (a) Combing JTU]) in Remark 12.31 with pT)) in Remark 17.41 we obtain 
for each 7 e C°°(/,Af): 

J ° Per^^M^ = Per/^ o^^m^ = per/^ oui_^ 0712(7*) ^ ^ ° P°^'^i,^ 0^12(7*) 

and Example 12.131 imphes that per^i vanishes. Since 7 was arbitrary, aU 

periods of w^^^ vanish. 

(b) Next we assume that K is 1-connected. In Example 12 . 131 we have seen 
that the group C°°{I, K) is also 1-connected, so that the flux of uj^ ^ vanishes. 
Now we apply (|18p in Remark 17.41 with pO| in Remark 12.31 to see that the 
flux also vanishes. 

(c) Assume that K is finite-dimensional and pick a maximal compact sub- 
group C Q K. Since k is if-invariant, the affine action of the compact group 
C on the affine space {rj £ C^{t,V): d^r] = F^k)} has a fixed point rj. Then 
Wk.j) is C-invariant, and therefore C acts diagonally on g = /2^(M, V) (Bu^ ,^ 0- 
It follows in particular that the flux vanishes on the image of tti{C) = tti{K) 
in ni{G) (Proposition [TTT]). For M = I = [0, 1] we immediately derive that 
the flux vanishes and in the general case we argue as in (b) by reduction via 
pull-back maps 7* : C°°(M, K) C°°{I, K). 

(d) follows from Theorem 17.21 □ 

Remark 2.15. We have seen in the preceding theorem that if K is simply con- 
nected, the period homomorphism and the flux of ld :— cOk^ti vanish. Since 
G :— C°°{I, K) is also 1-connected, one may therefore expect an explicit for- 
mula for a corresponding group cocycle integrating t^K.r; because the cohomol- 
ogy class e Hl^{C'^{I,K),C°°{I,M.)) vanishes (cf. [Ne02] . Thm. 8.8). 

Such a formula can be obtained by a method due to Cartan, combined with 
fiber integration and the homotopy H : I x G G to K. Since uj vanishes 
on t, the fiber integral :=^i7*w°^ £ Q^{G,V) satisfies d0 = 0-°^, so that 
we may use Prop. 8.2 in |Ne04aj to construct an explicit cocycle. For a more 
general method, based on path groups, we refer to (ViOTj. 

Remark 2.16. In view of Remarks 12.41 and l2.51 for cocycles lo of type (I)-(III), 
the diffeomorphism group Diff(Af) acts diagonally on g. If, in addition, K 
is 1-connected, then the flux F^^ vanishes, so that the identity component 
Go := C°°(M, i^)o also acts naturally on g (Proposition 17. ip . and this action 
is uniquely determined by the adjoint action of g on g (cf. |GN07| ). From 
that is easily follows that these two actions combine to a smooth action of 
C°°(M, X)o X Diff(A/) on g and the Lifting Theorem 17.71 provides a smooth 
action of this group by automorphisms on any corresponding central extension 
G of the simply connected covering group Gq. 

Problem 2.17. Do the central extensions of the connected group G°°(M, K)q 
constructed above extend to the full group? 
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The answer is positive for M — , K compact simple and lu — uj^^ \i k \s 
universal f [PS86| . Prop. 4.6.9). See Problem 17.51 for the general framework in 
which this problem can be investigated. 

3 Twists and the cohomology of vector fields 

We have seen above how to obtain central extensions of the Lie algebra 
C°°{M,t) and that the three types of cocycles cj^, u,^ and cj^,,) are V(M)- 
invariant, which leads to central extensions of the semidirect sum C°°(M, t) x 

V{M) by spaces of the type 3 := C°°(M, V), f2^{M, V), and Tf{M, V). The 
bracket on such a central extension has the form 

[(zi,(6,Xl)),(22,(6,^2))] 

= (X1.Z2 - X2.Z1 +a;(a,6), (^1-6 - X2.i1 + [^1,^2])), 

and there are natural twists of these central extensions that correspond to 
replacing the cocycle a)((^i, Xi), (^2, -^^2)) := ^^(^11^2) by S + 77, where 

57((6,Xi),(e2,X2)) :=r7(Xi,X2) for some e Z''(V(M),i) 

(cf. Appendix B on extensions of semidirect products). To understand the 
different types of twists, one has to determine the cohomology groups 

ij2(V(Af),M), Hl{V{M),n^{M,R)) and Hl{V{M),Tt {M,R)). 

For a parallelizable manifold M, these spaces have been determined in 
|BiNe07) . and below we describe the different types of cocycles showing up. 

We also discuss the integrability of these twists to abelian extensions of 
Diff(M), or at least of the simply connected covering Diff(M)o of its identity 
component Diff(M)o. 

3.1 Some cohomology of the Lie algebra of vector fields 

The most obvious source of 2-cocycles of V(M) with values in differential forms 
is described in the following lemma, applied to p = 2 ( |Ne06c| . Prop. 6): 

Lemma 3.1. For each closed {p + q)-form lu G ^?^^''(M, V), the prescription 
JP\X,, ...,Xj,):= [ix^ . . . ^x^c^] G ^'iM, V) 

defines a continuous p-cocycle in {V (M) , fi"^ {M , V)) . 

The preceding lemma is of particular interest for p = 0. In this case it as- 
sociates Lie algebra cohomology classes to closed differential forms. According 
to Cor. 3.2 in [Lec85j . we have the following theorem: 
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Theorem 3.2. Each smooth p-form lu G i7^(A'f, R) defines a p-linear alter- 
nating continuous map V(M)p C°°(Af, M), which leads to an inclusion of 
chain complexes 

{n*{M,R),d) ^ (C'(V(M),C'-(M,R)),dv(M)) 

inducing an algebra homomorphism 

^: if*R(M,R) ^ H'{V{M),C°°{M,R)) 

whose kernel is the ideal generated by the Pontrjagin classes of M , i.e., the 
characteristic classes of the tangent bundle. 

Remark 3.3. There are several classes of compact manifolds for which the Pon- 
trjagin classes all vanish but the tangent bundle is non-trivial. According to 
|GHV72| . II, Proposition 9. 8. VI, this is in particular the case for all Rieman- 
nian manifolds with constant curvature, hence in particular for all spheres. 

A second source of cocycles is the following f |Kosz74) ): 
Lemma 3.4. Any affine connection V on M defines a 1-cocycle 

C: V(Af) ^ f2\M,F.nd{TM)), X ^ Cx^, 

where (/:xV)(y)(Z) = [AT, VyZ] - V[x,y]^ - Vy [AT, Z]. For any other affine 
connection V, the corresponding cocycle C has the same cohomology class. 

Definition 3.5. We use the cocycle associated to an affine connection V to 
define k-cocycles e Z^{V{M), J7'=(M,R)). Note that A ^ Tr(A'=) defines a 
homogeneous polynomial of degree k on ^[^^(R), invariant under conjugation. 
The corresponding invariant symmetric k-linear map is given by 

!3{Ai,...,Au)^ J2 Tr(A,(i)...A,(,)), 
ceSk 

and we consider it as a linear GLii{]&)-equivariant map g[^(R)®'^ R, where 
GLji(R) acts trivially on R. This map leads to a vector bundle map 

(3m ■■ End(rM)®''' ^ Af X R, 

where M x R denotes the trivial vector bundle with fiber R. On the level of 
bundle-valued differential forms, this in turn yields an alternating k-linear 
DiS{M)-equivariant map 

f3li: [2^M,End{TM))'' f2''{M,R). 

The T)iS(M)-equivariance implies the invariance of this map under the natural 
action ofV{M), so that we can use (3\^ to multiply Lie algebra cocycles (cf. 
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JFu86i/ or App. F in JNeOj^)- In particular, we obtain for each k ^ N a Lie 
algebra cocycle 

defined by 

Wu...,Xk) := (-1)^ J2 sgn(a)/3l,(C(X.(i)),...,C(^.(fc))). 

For any other affine connection V', the corresponding cocycle C , o,nd the 
associated cocycles W^, the difference C ~C coboundary, and since products 
of cocycles and coboundaries are coboundaries, ^'/. — ^k is a coboundary. Hence 
its cohomology class in H^{V{M), n''^{M,M.)) does not depend on V. 

Remark 3. 6. The Lie algebra 1-cocycle C, is the differential of the group cocycle 

: Diff (Af) n^{M, End(rM)), ip ^ ip.V ~ V, 

where 

{ip.\7)xY ■.^ip.{V^-i,x'p-^.Y) for ip.X = Tip) o X o ip-\ 

Now the fc-fold cup product of with itself defines an ]7'^(Af, K)-valued 
smooth fc-cocycle on DifF(M) whose corresponding Lie algebra cocycle is 'Fk 
(cf. |Ne04a| . Lemma F.3). 

Remark 3.7. Assume that M is a parallelizable d-dimensional manifold and 
that the 1-form r G fi^{M,W'-) implements this trivialization in the sense 
that each map Tm is a linear isomorphism Tm{M) W^. Then, for each 
X e V(M), CxT can be written as Cxt — —6{X)-t for some smooth function 
0{X) G C°°(M, 0[^(R)) and is a crossed homomorphism, i.e., 

e{[x, Y]) = x.9{Y) - Y.e{x) + [e{x),e{Y)] 

f |BiNe07| . Example IL3). Moreover, \J xY := t-^{X.t{Y)) defines an affine 
connection on M for which the parallel vector fields correspond to constant 
functions, and for the corresponding cocycle C, the map 

t: F{Eiid{TM)) ^ C°°(A/, g[rf(R)), T{^){m) = t„, oy,„, or"! 

satisfies toC{X) = -d{9{X)) e {M , glj{R)) . This leads to 

MXi, ...,Xk)=J2 sgn('^) Tr (d0(^.(i)) A ... A d0(X,(fc))) . (12) 

If TM is trivial, we further obtain the cocycles <Pk G ^?*^"^(V(M), C°°(M, M)), 
$k{Xi,...,X2k-i)^ J2 sgn(a)Tr(^?(X,(l))•••^^(J^,(2fc_l))) 
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and Wk e Z^{V{M),11''^\m,R)), defined by 

WkiX,,...,Xk)^ sgn(a)[Tr(0(X,(l))d^^(X,(2)) A... Ad(?(X,(,)))] 

( |BiNe07j . Def. II.7). For each fc > 1 we have doWk^<I'k. 
For fc = 1 we have in particular 

Wi{X) = Tr(6l(X)) e C°°(Af,R) = 77°(A/,M), ifi(X) = Tr(d6'(X)), 
and 

W2{Xi,X2) = [Tr {9{Xi)deiX2) - 0(X2)d^(Xi))] G 77'(Af,R). 

Collecting the results from [BiNeOTj . Section IV, we now obtain the fol- 
lowing classification result which, for a parallelizable manifold M, provides in 
particular all the information on the twists of the fundamental central exten- 
sions of the mapping Lie algebras defined by cocycles of type (I)- (III). 

Theorem 3.8. Let M be a compact d- dimensional manifold with trivial tan- 
gent bundle. Then the following assertions hold: 

(1) For p > 2 and d > 2 the map 

is a linear isomorphism. 

(2) For d > 2 we have 

H'^{V{M),jt{M,R)) ^ i/|R(Af,R) ®R[^i Aifi] ®R[^2], 

where iJjj^(Af, M) embeds via [lj] ^ ['^'^']- 

(3) For d > 2 the map 

iJd\(Af,R)©i?^R(M,M) ^ H^{V{M), C°°(A^,R)), ([a], [/3]) ^ [a+/3A^i] 

is a linear isomorphism. 

(4) ForM = S\ dimij2(v(Af),C°°(Af,R)) = 2 and dim H^{ViM), 11^ {M,R)) = 
dimi/2(v(M),R) = 1. 

In addition, for any compact connected manifold Af, 

H^{V{M),f2^{M,R)) = M[!f2] © Rlifi A 

is 2-dimensional and 

H^{V{M), f2\M,R)) = A ifi] {[a A ifi] : [a] e H^^{M,R)}, 

is of dimension 1 + bi(M). 
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Remark 3. 9. The main point of the preceding theorem is the precise descrip- 
tion of the cohomology spaces, which is obtained under the assumption that 
the tangent bundle is trivial. The cocycles exist for all manifolds, whereas 
the construction of the cocycles (Pk and requires at least the existence of a 
flat affine connection on M: If V is a flat affine connection on the d-dimensional 
manifold M, then we have a holonomy homomorphism p: 7ri(M) — > GLt;(R), 
for which the tangent bundle TM is equivalent to the associated bundle 
M Xp W^-. We then obtain a trivializing 1-form r e f^^{M,'R'^) satisfying 
7*r = p(7)^^ o T for 7 € 7ri(Af) and a corresponding crossed homomorphism 

9: V(M)^C°°(M,0[,(M)). 

For X e V(M), let X e V(M)'^i(*^) denote the canonical lift of X to M. Then 

j*e{X) = pi^y^ o 0{X) o p(7) for 7 e 7ri(M), 

which means that the cocycles 'Fk, and tf'fc lead on vector fields of the 
form X to TTi (M)-invariant differential forms, hence that they actually define 
cocycles on V{M) with values in /?'=(Af,M), C°°(M,R) and Tf^^{M,M.). 

Problem 3.10. Compute the second cohomology of V{M) in J7^(Af, M) for 
all (compact) connected smooth manifolds. The cohomology with values in 
/2P(M,M) can be reduced with results of Tsujishita ( |Tsu81j . Thm. 5.1.6; 
|BiNe07j . Thm. III.l) to the description of iJ'(V(M), C°°(M,M)) which de- 
pends very much on the topology of M ( |Hae76] ) . 

3.2 Abelian extensions of difFeomorphism groups 

We now address the integrability of the cocycles described in the preceding 
subsection. Here a key method consists in a systematic use of crossed homo- 
morphisms which are used to pull back central extensions of mapping groups 
fcf. p03] l. 

Definition 3.11. Let G and N be Lie groups and 5: G — > Aut(A^) a smooth 
action ofG on N. A smooth map 6: G N is called a crossed homomorphism 
if 

0(9192) ^e{g,)- 91.6(32), 
i.e., if 6 :— (Ojidc): G N Xs G is a morphism of Lie groups. 

Crossed homomorphisms are non-abelian generalizations of 1-cocycles. 
They have the interesting application that for any smooth G-module V (con- 
sidered as a module of iV X5 G on which N acts trivially), we have a natural 
pull-back map 



0* = {9, ida)* : H^{N yisG,V) ^ H^{G, V). 



(13) 
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Two crossed homomorphisms 9i,62'. G —>■ N are said to be equivalent 
if there exists an n d N with 02 = c„ o Oi, c„(a;) = nxn^^. Since N acts 
trivially by conjugation on the cohomology group H^{N yigG, V) (cf. [Ne04a| . 
Prop. D.6), equivalent crossed homomorphisms define the same pull-back map 
on cohomology. 

Remark 3.12. (a) If : G ^ is a crossed homomorphism, then 9 — [6, idg) 
yields a new splitting on the semidirect product group N yig G, which leads 
to an isomorphism N x s G = N xi s' G, where S'{g) — Cg(^g) o S{g). 

As we shall see below, it may very well happen that a Lie group extension 
of XI 5 G is trivial on {1} x G but not on 0{G), which leads to a non-trivial 
extension of G (Example 13. 16p . 

(b) If 6*: G — * is a crossed homomorphism of Lie groups, L{d) :— 
Ti{9): L(G) L(iV) is a crossed homomorphism of Lie algebras because 
(L(0), id-^^Q^) — L{9) : L(G) L(A^) x L(G) is a morphism of Lie algebras. 

(c) If the central extension n = F©(j n is defined by a g-invariant cocycle uj 
and Lo is the corresponding cocycle of the abelian extension nxig, corresponding 
to the diagonal action of g on n, then the pull-back of this cocycle with respect 
to a crossed homomorphism 0: q ^ n has the simple form 

(r23)((^(a:),a:),(0(2/),y)) = (rc.)(x,2/). 

As we shall see below, crossed homomorphisms can be used to prove the 
integrability of many interesting cocycles of the Lie algebra of vector fields to 
the corresponding group of diffeomorphisms. 

Example 3.13. (a) Let q: Y ^ M be a natural vector bundle over M with 
typical fiber V. Then the action of Diff (A/) on M lifts to an action on V by 
bundle automorphisms. Any trivialization of V yields an isomorphism 

Aut(V) ^ Gau(V) X Diff(A.f) ^ Aut(A/ xV)^ G°°{M, GL{V)) x Diff(M), 

and the lift p: Diff(Af) — > Aut(V) can now be written as p = (^^, idDiff(Af)) 
for some crossed homomorphism 6: Diff(M) G°°{M, GL{V)). 

(b) Let T G S1^{M, K'^) be such that each is invertible in each m G M, 
so that T defines a trivialization of the tangent bundle of M. In |BiNe07| . 
Ex. II. 3, it is shown that Cxt — -^0{X) ■ r defines a crossed homomorphism 

e:V{M)^C^{M,9l^{R)) 

(cf. Remark 13. 7p . A corresponding crossed homomorphism on the group level 
is given by 

e : Diff (Af ) ^ G°°(M, GLd(R)), (p.r = {ip-^)*T = e{<fi)~^ ■ r. 

It satisfies L(6') = 0, taking into account that V{M) is the Lie algebra of the 
opposite group Diff(M)°P, which causes a minus sign. 
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We shall use this crossed homomorphism to write the cocycles W2 and 
A If"! as pull-backs (cf. |Bi03| for the case where M is a torus). For the Lie 

algebra 6 the space Sym^(t,R)' is 2-diniensional, spanned by the 

two forms 

/ti(x,?/) := tr(a;)tr(?/) and K2{x,y) := tr{xy). 

Then the relations 

[tr(0(Xi))tr(d^(X2)) -tr(0(X2))tr(d0(Xi))] - (^1 A 

[tri0{Xi)d0{X2) - 9{X2)d9{X,))]^W2iXi,X2) 

imply that 

20* Lu^^ = ^1 A tfi and 26** = ^2. 

With these preparations, we are now ready to prove the following: 

Proposition 3.14. If the tangent bundle TM is trivial, then the cocycles 

Wih^i and ¥2 in Z2(V(M),7?i(A/, M)) 

integrate to abelian Lie group extensions of some covering group o/Diff(M)o. 

Proof. Fix i G {1,2}. Since the invariant form Hi is one of the two components 
of the universal invariant symmetric bilinear form of g[j;(R), Theorem 12 .91 im- 
plies that the cocycles 2u!k- of C°° (M, g[^(M)) are integrable to a central exten- 
sions G of the simply connected covering group G of G := C°°{M, GLd{M.))o 
by Z :— J7^(Af, y)/im(per^ ) on which Diff(A/) acts smoothly by auto- 
morphisms (Remark 12.41 and the Lifting Theorem 17. 7p . We thus obtain a 
semidirect product group H := G ^ Diff(A/)o which is an abelian extension 
of i? := G X Difr(Af)o by Z. 

The crossed homomorphism 0: Diff(Af)o G has a unique lift to a 
crossed homomorphism S : Diff(A/)o G and the pull back extension S*H 
integrates 20*u!,^.. In view of the preceding example, the assertion follows. □ 

Problem 3.15. It would be nice to know if we really need to pass to a covering 
group in the preceding proposition. As the argument in the proof shows, this is 
not necessary if the crossed homomorphism & lifts to a crossed homomorphism 
into G. The obstruction for that is the homomorphism 

MO): ^i(Diff(A/)) ^7ri(G), 

but this homomorphism does not seem to be very accessible. 

In all cases where we have a compact subgroup G C Diff(Af) for which 
7ri(C) —> 7ri(Diff(Af)) is surjective (this is in particular the case for dim Af < 2; 
[EE69| ). we may choose the trivialization r in a G-invariant fashion, so that 
0{G) is trivial. This clearly implies that tti{0) vanishes. 
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We now take a closer look on some examples of extensions of DifF(M)o 
defined by these the two cocycles discussed above. 

Example 3.16. (cf. |Bi03p (The Virasoro group) For M — the preceding 
constructions can be used in particular to obtain the Virasoro group, resp., a 
corresponding global smooth 2-cocycle. 

The simply connected cover of C°°(§^, GLi(M))o is the group N :— 
C°°(§^,]R) on which we have a smooth action of G := Diff(§^)Q^ by (p.f 
f o if. In the notation of the preceding example, we have k := ki = K2, and, 
identifying V(§i) with C°°(§\R), we obtain the 1-cocycle e{X) = X' . The 
corresponding 1-cocycle on G with values in N is given by 0{(p) = \og{(p'). 

The cocycle ui := 2a;„ on V(§"'^) with values in SI (§-'^,K) = R is 

Jo Jsi 

and = is a corresponding group cocycle, defining the central extension 
N ■.= 'KXi^ N on which G acts by f.{z, /) :— (z, tp.f), so that the semi-direct 
product X G is a central extension of iV xi G (cf. |Ne02| ) . 

We now pull this extension back with 0: G ^ N yi G. Since we have in 
N x G the relation 

(O,0(^),^)(O,0(V'),V') = {co^mv),^.Om,0{v)ip.O{i^),ip^p), 

this leads to the 2-cocycle 

^uj^{O{ip),0{ipilj)) ^ ~uj^{log{ipoipy,\ogip') ^ ^ / log(V'o(p)'d(log.^')- 

This is the famous Bott-Thurston cocycle for Diff (S^)q'', and the correspond- 
ing central extension is the Virasoro group. On the Lie algebra level, the 
pull-back cocycle is 

Jo 

(cf. [FF0T] 1. 

Example 3.17. ( |Bi03| ) The preceding example easily generalizes to tori M = 
T*^. Then we can trivialize TM with the Maurer-Cartan form r of the group 
T'^, which leads after identification of V(M) with G°°(M,R'^) to e{X) ^ -X' 
(the Jacobian matrix of X). A corresponding crossed homomorphism is 

O: Diff(T'') ^ G°°(T'',GLd(M)), e{if) {f^^)' , 
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where the derivative of an element of Diff (T*^) C C°°{T'^, T'') is considered 
as a GL(;(R)-valued smooth function on T''. 

The main difference to the one-dimensional case is that here we do not 
have an explicit formula for the action of Diff(T'^) on the central extension 
of the mapping group C°°(M, GL(i(M))o. As a consequence, we do not get 
explicit cocycles integrating tf'2 and if"! A tf'i. 

On the integration of cocycles of the form 

Now we turn to the other types of cocycles listed in Theorem 13.8^ 2). namely 
those of the form ojl^l, where a; is a closed valued 3-form on M. 

Let G be a Lie group and a: M x G ^ M he a smooth right action on 
the (possibly infinite dimensional) smooth manifold M. Let uj G H^^'^iM, V) 
be a closed {p + q)-iorm with values in a Mackey complete space V. If 
L(cr) : Q — > V{M) is the corresponding homomorphism of Lie algebras, then 

LU, :=L(a)*L^W GZf(0,77'(M,y)) 

is a Lie algebra cocycle and we have a well-defined period homomorphism 

per^^:7rp(G)^7?'(M, Vf. 

If M is smoothly paracompact, which is in particular the case if M is finite- 
dimensional, then any class [a] £ fi'' (M, V) is determined by its integrals 
over smooth singular g-cycles S in M which permits us to determine per^^^ 
geometrically. 

In the following we write for an oriented compact manifold F: 

I : QP+^M xF,V)^ n\M, V) 
Jf 

for the fiber integral (cf. [GHV72j . Ch. VII). 

Theorem 3.18. (Period Formula) For any smooth singular q-cycle S on M 
and any smooth map 7 : S'P — > G, we have the following integral formula 

/per.„([7]) = (-ir / ^, (14) 

where S* • 7 G Hp+q{M) denotes the singular cycle obtained from the natural 
map Hq{M) (g) Hp{G) ^ Hp+q{M), [a] ® [/3] i-^ [cr o (a x f3)] induced by the 
action map M x G ^ M . 

Proof. First, let 7: §^ ^ G be a smooth map and a: Ag ^ M he a. smooth 
singular simplex. We then obtain a smooth map 

a • 7 := cr o (a X 7) : Aq x §^ — > M, (x, y) 1— > a{x).^{y). 
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Integration of uj yields with 7.12/14 in |GHV72j (on pull-backs and Fubini's 
Theorem) : 

UJ ^ (a»7)*(jj= / (a X 7)*i7*a; 

Q»7 JAqXSP JAqXSP 



{a X idsp)*{idM x-f)*a*Lj ^ / ^ (a x idsp)*(idAf X7)*cr*c 

P J A, Jsp 

f (idM X7)*a-*w = / f (idj\/ X7)*CT*w . 

Jsp JaJsP 



a 



ef2i{M,V) 

It therefore remains to show that 

per.,([7]) = (-ir\4 ((idA/ X7) V*^)! . (15) 

L JSP ^ 

So let Yi, . . . ,Yq G V(M) be smooth vector fields on M and write 
j^^: F ^ M X F,x 1-^ (m, x) for the inclusion map. We then have 

/ iiidMX^ra*u;)iY^,...,Y,U= I (^'f )*(*y, • • • ((idM X7)V*a>)) 

JSP JSp 

(jf )*(idM X7)*(zy, . ■■iyA<^*^)) = / {j^Ti^Y, ■ • ■*n(a*^)). 



We further observe that for xi, . . . , G g = Ti{G) we have 

(iy, • • ■«yi(CT*t^))(„i,g)(5.xi, . . -jg-Xp) 
= {cr*i^){m.g){Yi{m), . . . ,Yg{m),g.xi, . . .,g.Xp) 
= ^^(m.g){Yi{m).g, . . . ,Yg{m).g,m.{g.xi), . . .,m.{g.Xp)) 
= i^(m.g){Yi{m).g, . . . ,Yg{m).g,L{(T){xi){m.g), ■ ■ ■ ,L{a){xp){m.g)) 

= (-irK(*LM(x,) • • • »L(.)(.,)'^))(^i("^)' ■ ■ ■ ' ^''(™)) 
= {-ing.L^,{xi,...,Xp)){Y,,...,Yg)^ 
= i~irLul'iig.xi,...,g.Xp)(Y,,...,Yg)„,. 

We thus obtain in f2''{M, V) the identity: 

/ (idM X7)V*c^ = (-1)^"' / ivl^ = (-l)^^per^J[7]), 

JSP J-y 

which in turn implies (|15p and hence completes the proof. □ 

Example 3.19. For q = and a closed p-form uj £ Q^IM^V), the preceding 
theorem implies in particular that per^^ : TTp{G) C°°{M, V) satisfies 

per^j ([7])(m) := / uj with (m • 7) (x) = 771.7(2;). 

J 7nmf 
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As an important consequence of the period formula in the preceding the- 
orem, we derive that the 2-cocycles w^^l of integral {p + 2)-forms integrate 
to abelian extensions of a covering group of Diff(M)o. This applies in par- 
ticular to p — 1 , which leads to the integrability of the cocycles occurring in 
Theorem |3li;2). 

Corollary 3.20. Let uj G J?^+^(M, y) be closed with discrete period group 
/I; . Then there exists an abelian extension of the simply connected covering 
group Diff(A/)o by the group Z :— f2(M,V)/ Fz , where 

Fz := I [a] e Hl^{M, V): ( a rj> = Hom(iJp(M), T^), 
whose Lie algebra cocycle 

Proof. Applying the period formula in Theorem 13.181 to ujg = w'^l and G = 
Diff(M)°P, which acts from the right on M, we see that the image of the 
period map is contained in the group Fz, which is discrete. Now Theorem l7.2l 
below applies. □ 

It is a clear disadvantage of the preceding theorem that it says only some- 
thing about the simply connected covering group, and since 7ri(Diff(Af)) is 
not very accessible, it would be nicer if we could say more about the flux 
homomorphism of tjl^l. Unfortunately it does not vanish in general, so that 
we cannot expect an extension of the group Diff(M)o itself. However, the 
following result is quite useful to evaluate the flux: 

Theorem 3.21. (Flux Formula) Let to G f2P+'^{M,V) be a closed {p + 2)- 
form and^: — > Diff(Af) a smooth loop. Then rj^ :— 7(t)* (i^r^^^^tj) dt is 
a closed {p + l)-form and the flux o/cj[^l can be calculated as 

Fumib]) = K'l] e HHViM),T2''iM,V)). 
Proof. We recall from Appendix A that -F^^[2]([7]) ~ [/-y] — — [/^-i] for 

I,{X) = [\{t).J'\Adijit))-\X,S'{j),)dt. 
Jo 

Hence I^-i {X) G ff [M, V) is represented by the p-form I^-i (X), defined on 
vector fields Yi, . . . ,Yp by 
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I^-i{X){Y,,...,Yp) 

= f 7W*(^(Ad(7(i)).X,<5'(7-^)t,Ad(7W).ri,...,Ad(7W).rp)di 



= -r;^(X,yi, ...,Yp) = -?7W(X)(yi, ...,Yp). 

That T]^ is closed follows directly from the fact that for any smooth path 
7: / ^ Diff(M), we have 



In general it is not so easy to get good hold of the flux homomorphism, 
but there are cases where it factors through an evaluation homomorphism 
■7ri(ev,„): 7ri(Diff(M)) — > 7ri(M, m). According to Lemma 11.1 in [Ne04aj . 
this is the case if w is a volume form on M. 

At this point we have discussed the integrability of all the 2-cocycles of 
V{M) that are relevant to understand the twists of the fundamental central 

extensions of the mapping algebras with values in i7 {M, V) . 

The twists relevant for cocycles with values in Sl^ (M, V) and C°° {M, V) 
are easier to handle. First we recall that a product of two integrable Lie 
algebra 1-cocycles is integrable to the cup product of the corresponding group 
cocycles ( [Ne04ai . Lemma F.3), so that, combined with the integrability of 
the S'fe (Remark 13. 6p , the relevant information in contained in the following 
remark. 

Remark 3.22. (a) If a e J7^(Af, R) is a closed 1-form, then Example [3.191 ap- 
plied to p = 1 provides a condition for integrability to a 1-cocycle on Diff(Af). 
Passing to a covering q: M ^ M oi M for which q*a is exact shows that there 
exists a covering of the whole diffeomorphism group to which a integrates as 
a 1-cocycle with values in C°°{M,M.) (cf. Remark lLSf clV 

(b) If w e X?^ {M, R) is a closed 2-form, then Example 13.191 applied with 
p = 2, shows that if u has a discrete period group /Ij, then it integrates to a 
group cocycle on some covering group of Diff(M)o. This can be made more 
explicit by the observation that in this case Z := R/Zl^ is a Lie group and there 
exists a Z-bundle q: P ^ M with a connection 1-form 9 satisfying q*LU — 
d9. Then the group Aut(A/) is an abelian extension of the open subgroup 





□ 
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DifF(M)p of all diffeomorphisms lifting to bundle automorphisms of P by 
C°°{M, Z) and a; is a corresponding Lie algebra cocycle (cf. [Ko70| . [NV03| ). 

For these cocycles the flux can also be made quite explicit (cf. [Ne04a) . 
Prop. 9.11): For a G C°°{S\M) and 7 £ C°°(§i, Diff (M)o), we have 

I F^{[l])= f ^, where (7-1 • s) := 7(t)-i(a(s)). 

(c) If /i is a volume form on M, then the cocycle Wi satisfies CxjJ. = 
-Wi{X)^. (; |BiNe07j . Lemma III.3), so that Wi{X) = -divX. Therefore ((fys), 
defined by if.^ = C((/3)~^/i, defines a C°°(M, ]R)-valued group cocycle integrat- 
ing ^ 

If M is not orientable, then there is a 2-sheeted covering q: M M such 
that M is orientable. Accordingly we have a 2-fold central extension Diff(A/) 
of Diff(M) by Z/2 acting on M and the preceding construction provides a 
cocycle C- l5iff(A/) C°°(M, R). If cr: M ^ M is the non-trivial deck trans- 
formation, then a reverses the orientation of M and there exists a volume 
form fi on M with a* fi — — /i. Since a commutes with Diff(M), all func- 
tions C{ip) are ci-invariant, hence in C°°(M,K)'^ = C°°(M,R). We also note 
that a* n — ~fi implies that a is not contained in the identity component of 
I)iff(M), so that DiiT(Af)o = Diff(A/)o and 'Fi also integrates to a cocycle on 
Difr(M)o. 

Toroidal groups and their generalizations 

For the spaces 3 = Y2\m,V), C°^{M,V) and n\M,V) the cocycles a; of 
type (I)-(III) on g = C°°{M,t) are V(M)-invariant, hence extend trivially to 
cocycles on [) := g xi V(M) and we have also seen how to classify the 3-cocycles 
T on V(M) that occur as twists (cf. Theorems 13.81 [8T5|) . We write cUr for the 
corresponding twisted cocycle on g x V(M). 

Let G := C°°{M, K)o. If lu is integrable to a Lie group extension, then 
we write G for a corresponding extension of G by = 1/ Fz- This extension 
is uniquely determined by [w], which has the consequence that the natural 
action of Diff (M) on g integrates to a smooth action on G, which leads to a 
semidirect product G xi Diff(M). 

If p: l5iff(M) DiiT(Af)o is an abelian extension of Diff(M)o by Z cor- 
responding to T, then G x: Diff(M) is an extension of H := G ^ Diff(A/)o by 
Z X Z, and the antidiagonal Az in Z is a normal split Lie subgroup, so that 

H:^{G-A l5iff(M))/Zz 

carries a natural Lie group structure, and it is now easy to verify that ij{H) = 
3 (Bu>^ f)- 
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For the special case where AI = T'' is a torus, Ms a simple complex algebra, 
K is the Cartan-Killing form, V = C, uj = ujf^ and r is a linear combination 
of the two cocycles 'F2 and 'Fi A ^Z^i, we thus obtain Lie groups H whose 
Lie algebras are Frechet completions of the so-called toroidal Lie algebras. 
These algebras (with the twists) have been introduced by Rao and Moody 
in |ERMo94] and since then their representation theory has been an active 
research area (cf. [Bi98] . [Lar99| . [LarnOj . |ER,Cn4) . [EM]). 

4 Central extensions of gauge groups 

In this section we shall see how, and under which circumstances, the funda- 
mental types of cocycles on C°^{M,t) generalize to gauge algebras gau(P). 
Therefore it becomes a natural issue to understand the corresponding central 
extensions of the gauge group Gau(P), resp., its identity component. Depend- 
ing on the complexity of the bundle P, this leads to much deeper questions, 
most of which are still open. 

4.1 Central extensions of gau(P) 

In this section we describe natural analogs of the cocycles of type (I)- (III) for 
gauge Lie algebras of non-trivial bundles. 

Let P — > ill be a iC-principal bundle and 0au(P) its gauge algebra, 
which we realize as 

flau(P) - {/ e C^{P,i): (Vp e P)(Vfc e K) f{p.k) = Ad{k)-\f{p)} 

which is the space of smooth sections of the associated Lie algebra bundle 
Ad(P) = P XAd « (cf. Remark [Otb)). Further, let M := P/Ko denote the 
corresponding squeezed bundle, which is a, not necessarily connected, covering 
of M and a 7ro(iir)-principal bundle. The squeezed bundle is associated to the 
7ri(A/)-bundle : M M by the homomorphism 61 : 7ri(Af) t^q{K) from 
the long exact homotopy sequence of P. Sometimes it is convenient to reduce 
matters to connected structure groups, which amounts to considering P as a 
i^o-principal bundle over the covering space M oi M. 

Let p: K ^ GL(F) be a homomorphism with /-Co ^ kerp, so that is a 
7ro(iir)-module. Then the associated bundle 

V:=PXpl/ 

is a flat vector bundle. It is associated to the squeezed bundle P/Kq via the 
representation p: 7ro(-ftr) — > GL(y). We have a natural exterior derivative on 
the space i7'(M, V) of V- valued differential forms and we define i7 (Af, V) := 
f2^ (M, V) /d(PV) . If F is finite-dimensional, then d(PV) is a closed subspace of 
the Frechet space i7^(M, V), so that the quotient inherits a natural Hausdorff 
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locally convex topology (cf. |NeWo07j ). The Lie algebra aut(P) C V{P) acts 
in a natural way on all spaces of sections of vector bundles associated to P, via 
their realization as smooth functions on P, hence in particular on the spaces 
f2P{M,Y), which can be realized as T^- valued differential forms on P. Since V 
is flat, the action on i7P(Af, V) factors through an action of the Lie algebra 
V(M) ^ aut(P)/0au(P). 

Remark 4-1- The passage from M to the covering M := P/Kq, the squeezed 
bundle associated to P, provides a simplification of our setting to the case 
where the structure group under consideration is connected if we consider P 
as a Xo-bundle over AI . One has to pay for this reduction by changing M . In 
particular, if nolK) is infinite, the manifold M is non-compact. 

We now take a closer look at analogs of the cocycles of types (I)-(III) for 
gauge algebras g := 0au(P) of non-trivial bundles. Here the natural target 
spaces are TV, n^{M,Y) and 72^(M, V), replacing C°°(M, V), Q^{M, V) and 
lt{M,V). 

(I) : First we choose a connection 1-form e J7^(P, 6) and write V for 
the corresponding covariant derivative, which induces covariant derivatives 
on all associated vector bundles such as Ad(P). For the fiat bundle V the 
corresponding covariant derivative coincides with the Lie derivative. Let 
k: i X I T^bea iiT-invariant symmetric bilinear map. For ^ e 0au(P), 
the 1-form G i?^(P, 6) is iiT-equivariant and basic, hence defines a bundle- 
valued 1-form in J7^(Af, Ad(P)). Now k defines a 2-cocycle 

e Z2(0Ou(P),7?\Af,V)), c.«(a,6) := [«(Ci,V6)] 

with values in the trivial module jt{M,Y) (cf. }NeWo07j : and |LMNS98| for 
bundles with connected K). 

(II) : Let K he a connected Lie group with Lie algebra t and rj e Z^{t, V) 
be a 2-cocycle, defining a central Lie algebra extension q^: I t oi i hy V 
which integrates to a central Lie group extension K oi K hy some quotient 
Z V/Pz of y by a discrete subgroup. Then K acts trivially on V, so that 
the bundle V is trivial. ^ 

The K action on I defines an associated Lie algebra bundle Ad(P) with 
fiber t which is a central extension of the Lie algebra bundle Ad{P) by the 
trivial bundle M x F (cf. |Ma05| ). Now the Lie algebra flau(P) := PAd(P) of 
smooth sections of this bundle is a central extension of 0au(P) by the space 
C°°(M, V) ^ PV. 

Any splitting of the short exact sequence of vector bundles 

^ Af X y ^ Ad(P) Ad(P) ^ 

leads to a description of the central extension gau(P) by a 2-cocycle lo € 
Z2(gau(P),C°°(Af, y)) which is C°° ( AT, R)-bilinear, hence can be identified 
with a section of the associated bundle with fiber Z^{i, V). 
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(III): To see the natural analogs of cocycles of type (III), we first note 
that the natural analogs of the cocycles uj(i.,j — d o are cocycles of the form 
dow g Z2(0ou(P), f2^{M, V)), where w G Z^{gau{P), C°°{M, V)) corresponds 
to a central extension Ad(P) of the Lie algebra bundle Ad(P) by the trivial 
bundle M xV. 

Let K be an invariant V-valued symmetric bilinear form k and 9 a prin- 
cipal connection 1-form on P with associated covariant derivative V. We are 
looking for a C°°{M, IR)-bihnear alternating map r] e Z'^{Qau{P), C°°{M, V)) 
for which 

^.,v,f?(ei,6) :=«;(Ci,v6)-K(6,vei) -d(^(ei,6)) 

defines a Lie algebra cocycle with values in S1^{M, V). 

For i^K.{£,i,^2) ■= k(^i, V^2) — k(^2, V^i) we obtain as in Section 3: 

Here we use that in the realization of g = gau(P) in C°°{P,i), we have 

so that 

^K(ei,C2) = ^(ei,cl6) -'«(6,d^i) + 2«;(0,[6,^i])- 

Therefore dgW^.v,!) = is equivalent to P(k) — d^r] having values in constant 
functions, and since this map is C°°(Af, IR)-trilinear, we find the condition 

r(K)=dB?7 in z3(flau(P),C°°(M,l/)). 

This means that for each m g M, we have fiberwise in local trivializations 
P(k) — d(rj{m). In particular, k has to be exact. 

Lemma 4.2. If r[K) is a coboundary, then there exists a C°° {M,M.) -bilinear 
alternating map rj G Z^(gau(P), C°^"{M, V)) for which v,i) a 2-cocycle. 

Proof. The set C^it, V)^ :== {?] G C^{i, V) : d^rj = P(k)} is an afiine space on 
which K acts by affine map. Now the associated bundle A := P C^(6, F)^ 
has a smooth section rj, and any such section defines a C°° {M, M)-bilinear 
element of C^{g,C°°iM,V)) with dB(do^ dor(K) = dg{u^). □ 

In view of the preceding lemma, analogs of the type (III) cocycles on the 
Lie algebra gau(P) with values in n^{M, V) always exist if k is exact. 

Problem 4.3. (Universal central extensions) Suppose that t is a semisimple 
Lie algebra and q: P M a, principal X-bundle. Find a universal central 
extension of gau{P). If P is trivial, then we have a universal central extension 
by f2^{M,V{i)), given by the universal invariant symmetric bilinear form 
Ku of 6 (Remark I2.2f d)). The construction described above yields a central 
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extension of gau(P) by J7^(M, V) for the associated bundle with fiber V{t), 
but it is not clear that this extension is universal. 

A class of gauge algebras closest to those of trivial bundles are those of 
flat bundles which can be trivialized by a finite covering of M . It seems quite 
probable that the above central extension is indeed universal. The analogous 
result for multiloop algebras (cf. Section [5] below) has recently been obtained 
by E. Neher ( NchOTj, Thm. 2.13; cf. also [PPSOTj . p.l47). 

4.2 Covariance of the Lie algebra cocycles 

Remark 4-4- (Covariance for type (I)) (a) Reahzing g = gau(F) in C°°(P, 6), 
we have = d^ + [6, ^],so that 

= ['«(a,v6)] = K^i,d^2) + 4e, [6,6])]. 

li X ^ G out(P) corresponds to ^ G gau{P) in the sense that 9{X^) — 
then Cx/:^' = -[9{X^),^'] = [^,^'] and the fact that the curvature dO + 
^[9, 9] is a basic 2-form leads to 

Cx,9 = ditxS + tx,d9 = -dC - ^tx, [9, 9] = -dC - [9{X^), 9] 

so that uj^ can also be written as 

u;4ii,^2)^~[n{^i,Cx,,9)]. 

The group Aut(P) acts on the affine space A{P) C n^{P,i) of principal 
connection 1-forms by (p.9 :— {ip^^)*9 and on g = gau(P) by (p.£^ = £, ° 'P~^- 
We then have 

^.Ve = (p.(de + [9, ei) = d{^.0 + [^.9, ^.ei) = V(^.0 + [^.9 - 9, ^4]. 
This leads to 

= = ^K(a,e2) + Kip.9 - 9, [6,6])]. 

Note that 

C: Aut(P) ^ l2i(Af,Ad(P)), (p ^ ip.9 - 9 
is a smooth 1-cocycle, so that 

'F: Aut(P) ^ Hom(0,72'(M,V)), <lr{^m ■= [«(^-^ - (^,0] 

is a 1-cocycle with dg{^{(p)) — f-Lu^ — w^- Therefore Lemma [7751 b elow implies 
that 
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defines an automorphism of the central extension g and it is easy to see that 
we thus contains a smooth action of Aut(P) on g (cf. [NeWoOT] ). 

li (ff & Gau(P) is a gauge transformation corresponding to the smooth 
function f: P^K, then = 5^{f) + Ad{f)-\e implies 

iPf.e - <5'(/-i) + Ad(/).0 = -S^if-') + Ad(/)J. 

(b) If P = M X is the trivial bundle and pM : P M and pk- P K 
are the two projection maps, then the identification of gauge and mapping 
groups can be written as 

C°-{M,K) -> Gau(P) C C^{P,K), f ^ J -.^ p^' ■ pUf) -Pk, 

and the canonical connection 1-form is 6* = 5^{pk) G ^^{P,^)- We further 
write a := AA{pk)^^ -P^ia for the realization of a € fi^(M,t) as an element 
of n^{M,M{P)) C n^{p,i). 

If ^ e Aut(P) is the lift of £ Diff(Af) defined by tf{m,k) := {ip{m),k), 
then Pk o [p = px implies that ip.9 — 0, so that (^((p) = 0. To determine C on 
the gauge group, we calculate: 

ipj.0 = ~d^f) + Ad(7) J = -S^f) - Ad{f).6%p],') 

= -S'-if-PK) = -S^iPK-Pliif)) = ~S^{Pk) - Ad{pK)-\S^{pM{f)) 

= 5\pk) - M{pK)-\{p*M6^{f )) = - 6'-{f )~ 

In this sense, the restriction of the cocycle C, to Gau(P) is — —S'^{f)~ so 

that it corresponds to the 1-cocycles defined by the right logarithmic derivative 

We therefore recover the formulas for the actions of C°°{M, K) xi Diff (Af) on 
from Remarks 12.41 and 12.51 

For later reference, we also note that the action of the gauge group on 
1-forms is given in these terms by 

^j.a = {^fya = {ipfr{AA{p-^').{plja)) 

= kA(pK ■ r^r^-{PM o ipj^Ya = Ad{p]^^ ■ pliDplja 

= Ad(p^i).p;,(Ad(/).a) = ( Ad(/).a)~= Ad(/).5. 

Remark 4-5. (Covariance for type (II)) In the type (II) situation we have con- 
structed the Lie algebra extension g — gau(P) as PAd(P), and since Ad(P) 
is a Lie algebra bundle associated to P via an action oi K on t by automor- 
phisms, the group Aut(P) and its Lie algebra aut(P) act naturally on gau(P) 
by automorphisms, resp., derivations, lifting the action on gau(P). 



Lie groups of bundle automorphisms and their extensions 



39 



Problem 4.6. (Covariance for type (III)) It would be interesting to see if the 
type (III) cocycles on 0au(P) with values in f2^{M,V) are aut(P)-covariant 
in the sense that aui(P) acts on 0au(P). 

Problem 4.7. (Corresponding crossed modules) For cocycles of type (I) and 
(II) wc have seen that the action of aut(P) on gau(P) lifts to an action by 
derivations on the central extension gau(P), which defines a crossed module 

H: 0au(P) aut(P) 

of Lie algebras. 

For type (I), the characteristic class of this crossed module is an element 
of ff3(V(M),7l\M, V)) and for type (II) in H^{V{M),C'=^{M, V)). The van- 
ishing of these characteristic classes is equivalent to the embeddability of 
the central extension |au(P) to an abelian extension of aut(P) (cL |Ne06bj . 
Thm. III.5). 

For type (II) it has been shown in [Ne06b| . Lemma 6.2, that the character- 
istic class can be represented by a closed 3-form, so that it comes from an ele- 
ment of H^^{M, V). It seems that a proper understanding of the correspond- 
ing situation for type (I) requires a descriptions of the third cohomology space 

iJ3(v(M),72 (M,K)), so that we need a generalization of Theorem l3.8l for co- 
homology in degree 3. 

For type (III) cocycles, one similarly needs the cohomology spaces 
H^{V{M),n^{M,R)), but they can be described with Tsujishita's work 
( |Tsu81j . Thm. 5.1.6; |BiNe07| . Thm. III.l) which asserts that the space 
iJ*(V(M),l2*(M,R)) is a free module of iJ*(V(M), C°°(M,M)), generated 
by the non-zero products of the cohomology classes [tf'fc] . This leads to 

H^{V{M),f2\M,'R)) ^ H^{V{M),C°°{M,R)) ■ [I'l]. 

If TM is trivial, we obtain with Theorem 13. 81 

H^{V{M), [2\M, M)) = H^j^iM, M) ■ [^i] © H^j^iM, M) ■ [Wi A Wi]. 

4.3 Corresponding Lie group extensions 

(I): For cocycles of the form w„ g Z^(gau(P), i7^(M, V)), it seems quite 
difficult to decide their integrability. However, if Tro{K) is finite, we have the 
following generalization of Theorem 12.91 ( [NeWo07| ): 

Theorem 4.8. If tto{K) is finite and G Gau(P)o, then the following are 
equivalent: 

(1) integrates for each principal K-bundle P over a compact manifold M 
to a Lie group extension of G. 

(2) lOk, integrates for the trivial K-bundle P = x K over M = to a Lie 
group extension ofG. 
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(3) The image o/per^: t:j{K) V is discrete. 

These conditions are satisfied if k is the universal invariant bilinear form with 
values in V(i). 

As we have already seen for trivial bundles, the cocycle d o with values 
in 12^ (M, V) can be integrated quite explicitly. We now explain the geomet- 
ric background for that in the general case. We start with a general group 
theoretic remark. 

Remark 4-9. Let E and F be vector space and oj: E x E ^ F an alternating 
bilinear form. 

(a) We write H := H{E,F,lu) for the corresponding Heisenberg group, 
which is the product set F x E, endowed with the product 

(/i,ei)(/2,e2) = (/i + /2 +t^(ei,e2),ei -I- 62). 

The invariance group of lu is 

Sp(£;, F, oj) := {{ip, tP) e GL{E) x GL(F) ■.ip*uj^i;o oj}, 

and the natural diagonal action of this group on F x E preserves uj, so that 
we may form the semidirect product group 

HSp(£;, F, uj) H{E, F, uj) x Sp(£:, F, uj) 

with the product 

(/l, ei, (^1, '0l)(/2, 62, 932,-02) = (/l (ci , </3l.e2), 61 .62 , (^1 (^2 , V'l "02) 

This group is an abelian extension of the group 

E X Sp{E,F,Lu) C Aff(£;) X GL(F) 
by F and the corresponding cocycle is 

n{{ei,(pi,tpi), (62, V52,'02)) = uj{ei,(pi.e2)- 

(b) Now let G be a group, pE- G ^ AS{E) and pp- G ~> GL(i^) group 
homomorphisms such that p :~ {pe,Pf) maps G into E x Sp{E,F,Lu). Then 
the pull-back G :— p* llSp{E , F, uj) is an abelian extension of G by V. To 
make the cocycle lug of this extension explicit, we write pE{g) — '/'(.'?)) 
and obtain 

^G{gi,g2) = w(Ai(5i),p(gi)-M(52))- 

This 2-cocycle ujg G Z'^{G, F) is the cup-product ujg = P- of the 1-cocycle 
p G Z^{G,E) with itself with respect to the equivariant bilinear map uj (cf. 
|Ne04aj . App. F). 

If we think of E as an abstract afhne space without specifying an origin, 
then any point a G E leads to a 1-cocycle p{g) g.o — a with values in the 
translation group {E, -f ) and, accordingly, we get 

(51 , 52 ) = .0 - o, p{gi){g2.o- o)). 
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Remark 4-10. On the translation space J?^ {AI, Ad(P)) of the afhne space A{P) 
of principal connection 1-forms, any T^- valued if-invariant symmetric bilinear 
map K on 6 defines an alternating C°°(M, M)-bilinear map 

f2\M,Ad{P)) X f]\M,Ad(P)) n^{M,Y), {a, (3) a (3, 

so that A{P) is an affine space with a translation invariant ]7^(Af, V)-valued 
2-form that is invariant under the afhnc action of Aut(P) by pull-backs. 

Proposition 4.11. The smooth 2-cocycle 

Ck e z2(Aut(P), f2^{M,W)), = {^1.0 - 0) A„ ipi.{ip2.0- e) 

defines an abelian extension of Aut{P) by f2'^{M,Y) whose corresponding Lie 
algebra cocycle is given by 

iXi,X2) ^ {Cx,0) A« {Cx,0) - {Cx,0) A, (Cx^O) = 2{Cx,0) A, {Cx,e). 

Remark 4-12. U P = M x K is a trivial bundle, then we obtain on Gau(P) ^ 
C°°{M,K) with RemarkHUb): 

Uipj, = S^f) A« Ad(/).^^'^(5) = S\f) A. S^ig) = {S\f) A. 5^ig))~ 

Problem 4.13. From the existence of the cocycle (k., it follows that d o c = 
holds for the obstruction class c of the corresponding crossed module (cf. 
Problem 14. 7|) . Therefore the long exact cohomology sequence associated to 
the short exact sequence 

^ ffdR(A/, V) ^ n'iAfW) ^ B^r(M, V) ^ 

implies that c lies in the image of the space H^{V{M), H^^{M,Y)). As the 
action of V(M) on Hl^{M,Y) is trivial, we have to consider H^{ViM),R). 
This space vanishes for dimM > 3 (cf. [BiNe07| . Cor. D.6, resp., [Hae76| . 
Thm. 3/4), so that in this case the central extension gau(P) corresponding 
to ujf^ embeds into an abelian extension of aut(P). It is an interesting prob- 
lem to describe these extensions more explicitly. Are there any 2-dimensional 
manifolds for which the obstruction class in c is non-zero? 

(II): Now we turn to cocycles of type (II). As before, we fix a central 
Lie group extension K oi K hy Z = V/Pz- Then there is an obstruction 
class Xk ^ H'^{M^Z_) with values in the sheaf of germs of smooth Z- valued 
functions that vanishes if and only if there exists a ii'-principal bundle P with 
P/Z = P, as a X-bundlc ( |GP78| ). Using the isomorphisms 

H^M,Z) = HHM, Pz) = i/s'i„g(M, rz), 

we see that x maps to some class x G H^^{M,V), and it has been shown 
in |LW06| that x yields (up to sign) the characteristic class x(/x) of the Lie 
algebra crossed module ^: gau(P) — > aut(P). (cf. Theorem 13.21) . 

On the level of de Rham classes, the following theorem can also be found 
in [LW06j : the present version is a refinement. 
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Theorem 4.14. Let K be a connected finite- dimensional Lie group and 
Qk'- K — > o- central Lie group extension by Z with Zq = V/ Fz and 
q: P ^ M a principal K -bundle. Then the following assertions hold: 

(a) If Z is connected and Tr2{K) vanishes, which is the case if dim K < oo, 
then there is a K -bundle P with P/Z = P and we obtain an abelian Lie 
group extension 

1 ^ C°^{M, Z) Aut(P) ^ Aut(P) -> 1 

containing the central extension 

1 ^ C°^{M, Z) Gau(P) ^ Gau(P) ^ 1 

integrating the Lie algebra 0au(P). 

(b) If ^m\K < oo, then the obstruction class in H^^{M,V) vanishes. 

(c) If K is 1-connected and K is connected, then Z is connected. 

Proof, (a) That 'n2{K) vanishes if K is finite-dimensional is due to E. Cartan 
f |CaE36p . li'K2{K) vanishes and Z is connected, then Theorem 7.12 of |Ne02) 
implies that the central extension K of K hy Z = V/Pz can be lifted to a 
central extension of K hy V with K = /Pz. This implies that the 
obstruction class to lifting the structure group of the bundle P to K, which 
is an element of the sheaf cohomology group II^{M,Z_), is the image of an 
element of II^{M,V_) = {0}, hence trivial. Here we have used that the sheaf 
cohomology groups H^{M,V_), p > 0, vanish because the sheaf of germs of 
smooth maps with values in the vector space V is soft (cf. [God73| V 

(b) Since Zq is divisible, we have a direct product decomposition Z ^ 
Zq X TTo{Z) and, accordingly, the central extension if is a Baer sum of an 
extension by Zq and an extension by tto{Z). According to (a), the extension 
by Zq does not contribute to the obstruction class, so that it is an element of 
H'^{M,7ro{Z)), and therefore the corresponding de Rham class in II^{M,V) 
vanishes. 

(c) The group K/Zq is a connected covering group of K, hence trivial, and 
therefore Z = Zq. □ 

Remark ^.15. UK is a central T-extension of some infinite-dimensional group 
for which the corresponding de Rham obstruction class in H^^{M,M) is 
non-zero, Lecomte's Theorem 13.21 implies that the corresponding class in 
iJ^(V(Af), C°°(M, R)) is also non-zero because the degrees on the Pontrja- 
gin classes are multiples of 4, so that the ideal they generate vanishes in 
degrees < 3. This means that the class of the corresponding crossed module 
/x: gau(P) aut(P) is non-trivial, hence the central extension gau(P) does 
not embed equivariantly into an abelian extension of aut(P). 

In a similar fashion as the group {M, Z) classifies T-bundles over 
M, the group II^{M,'L) classifies certain geometric objects called bundle 
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gerbes ( [Bry93| , |Mu96| ). As the preceding discussion shows, non-trivial bun- 
dle gerbes can only be associated to the central T-extensions of infinite- 
dimensional Lie groups. For more on bundle gerbes and compact groups we 
refer to [SW07j in this volume. 

5 Multiloop algebras 

In this section we briefly discuss the connection between gauge algebras of flat 
bundles and the algebraic concept of a (multi-)loop algebra. These are infinite- 
dimensional Lie algebras which are presently under active investigation from 
the algebraic point of view f [ABP06] . |ABFP07] V To simplify matters, we 
discuss only the case where Hs a complex Lie algebra. 

5.1 The algebraic picture 

Let ? be a complex Lie algebra, mi, . . . , G N, G T with C™' = 1 and 
(Ti, . . . , (Tr G Aut(J) with cr™' = id{. Then we obtain an action of the group 
A := Z/mi X ... X 'Z/rrir on the Lie algebra 

t(SC[ti,t^\...,tr,t;:^] 

by letting the i-th generator ct,; of A acts by 

The algebra 

M{t,c7i,...,ar) {i®C[ti,t^\...,U,t-^])'^ 

of fixed points of this action is called the corresponding multi-loop algebra. 
For r = 1 we also write L(6, a) := M{i, a) and call it a loop algebra. 

The loop algebra construction can be iterated: If we start with cti G Aut(6) 
with cr™^ = id and pick CT2 G Aut(L(6, cti)) with cr™^ = id, we put 

L(t, (71,(72) := L(i(t,(7l),Cr2). 

Repeating this process, we obtain the iterated loop algebras 

L{t, (71, . . . , (7r) := L{L{i, (71, ... , (7r-l), (7r), 

where aj G Aut(L(t, (7i, . . . , (7j_i)) is assumed to satisfy (7™^ = id. Clearly, 
every multiloop algebra can also be described as an iterated loop algebra, but 
the converse is not true (cf. Example 15.31 below) . 
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5.2 Geometric realization of multiloop algebras 

There is a natural analytic variant of the loop algebra construction. Here the 
main idea is that the analytic counterpart of the algebra C[t, t~^] of Lau- 
rent polynomials is the Frechet algebra C°° , C) of smooth complex- valued 
functions on the circle. Its dense subalgebra of trigonometric polynomials is 
isomorphic to the algebra of Laurent polynomials, so that it is a completion 
of this algebra. A drawback of this completion process is that the algebra 
of smooth function has zero divisors, but this in turn facilitates localization 
arguments. 

The analytic analog of the algebra 6®C[fi,tj~"'^, . . . ,tr,t~^] is the Frechct- 
Lie algebra C°° (T*" , 6) of smooth 6- valued functions on the r-dimcnsional torus 
T'", endowed with the pointwise Lie bracket. To describe the analytic analogs of 
the multi-loop algebras, let A :~ Z/toi x . . . x Z/rrir and fix a homomorphism 
p: A ^ Aut(t), which is determined by a choice of automorphisms CTj of { 
with (T^* = idf. Let m := (mi, . . . ,mr) and consider the corresponding torus 

:= (R/miZ) x . . . x (M/m^Z), 

on which the group A = / (toiZ © ... © m^Z) acts in the natural fashion 
from the right by factorization of the translation action of Z'" on R'". Now we 
obtain an action of A on the Lie algebra C°°(TJj,,t) by 

(7./) (a;) := J.f{x.-f) 

Then we have a dense embedding M(6, cti, . . . , ar) ^ C°°(T^, 6)^^. To realize 
this Lie algebra geometrically, wc note that the quotient map q : TJ^ T"^ is 
a regular covering for which A acts as the group of deck transformations on 
TJjj. Then the homomorphism p: A ^ Aut(6) from above defines a flat Lie 
algebra bundle 

Si:=iT^xt)/A, [t,x]^q{t), 

over r, where A acts by ■^.{t, x) := {t.^~^ ,"f.x), and the space FA of smooth 
sections of this Lie algebra bundle can be realized as 

{/ e C~(T^,£): (V7 G /\)(Vx e T;,) /(x.7) = i-\f{x)} = C~(T^,£)^. 

In this sense, the Lie algebra is a natural geometric analog of a multiloop 
algebra. 

5.3 A generalization of multiloop algebras 

Our geometric realization of multiloop algebras suggests the following geo- 
metric generalization. Let Z\ be a discrete group and q: M a regular 
covering, where A acts from the right via {t, 7) 1-^ t.j on M as the group of 
dock transformations. Let t be a locally convex Lie algebra and p: A ~> Aut(6) 
an action of A by topological automorphisms of 6. Let Kq be a 1-connected 
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(regular or locally exponential) Lie group with Lie algebra t. Then the action 
of A integrates to an action pi^ : A — * Aut(_R'o) by Lie group automorphisms 
([GN07]), so that we may form the semidirect product Lie group K :— Kq x A 
with TTo{K) = A. 

Next we form the flat Lie algebra bundle 

R:^{Mxt)/A, qsi-.K^M, [t,x] -.^ A.{t,x) ^ q{t), 

over M, where A acts on Af x ^ by ^.{t,x) := {t.-f^^ ,j.x). Each section of 
K can be written as s{q{t)) = [t, fs{t)] with a smooth function f:M i, 
satisfying f{t.^) = ^~^.f{t) for t £ M, 7 £ Z\. We thus obtain a realization 
of the space of smooth sections of this Lie algebra bundle as 

{/eC°°(M,t): (V7eZi) f{t.^)^i-\f{t)} = C'^{M^)^, (16) 

where the T-action on C°°(M, t) is defined by {l.f ){t) -y.fit.j). 

Proposition 5.1. If P (M x K)/A is the flat K -bundle associated to the 
inclusion A ^ K, then gau{P) = FK. 

Hence the Lie algebra of sections of a flat Lie algebra bundle can always be 
realized as a gauge algebra of a flat principal bundle; the converse is trivial. 

Proof. Our assumptions on Kq imply that Aut(A'o) = Aut(6) ( |GN07| ). so 
that the action of Z\ on t integrate to an action pn on Kq by automorphisms. 

Clearly, P ^ M x Kq is a trivial Ag-bundle, but it is not trivial as a 
AT-bundle, because the group A acts on M x Kq by 

{m,k).j= (m.7,pK(7)"^(fc)). 

Let Ad(P) = {P X i)/K denote the corresponding gauge bundle with 
rAd(P) ^ gau(P). Then 

0au(P) - {/ e C°°{P,i): {Vp e P)(Vfc e K) f{p.k) = Ad{k)-\f{p)} 

= {f e C°^{M,i): (Vto e M)(V7 e A) f{m.j) ^ Ad{j)-\f{m)} 
= {/ G C°"{M,i): (Vm £ M)(V7 G A) f{m.j) = p{^)-\f{m)}. 

□ 

5.4 Connections to forms of Lie algebras over rings 

In this subsection we assume that A is finite and describe briefly the connec- 
tion to forms of Lie algebras over rings. For more details on this topic we refer 
to |PPS07| . The Lie algebra FA is a module of the algebra R := C°°(M,C) 
and the Lie bracket is i?-bilinear. The pull-back bundle 
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q*ii= {{t,x) eMxK: q{t) = q.fi{x)} 

is trivial, because the map M x t ^ q*R, {t, y) ^ {t, [t, y\) is an isomorphism 
of Lie algebra bundles. Accordingly, the space r{q*^), which is a module of 
5* := C~(M,C), is isomorphic to r{M x 6) ^ C°°(M,t). On the level of 
sections, we have an i?-linear embedding 

: rj? ^ r{q*Si), {q*s){t) := (i, s{q{t))). 

which corresponds to the realization of as the subspace (fT6)) of Z\-fixed 
points in C°°(M, I). Using the local triviality of the bundle and the finiteness 
of A, one easily verifies that the canonical map 

F^^rS r^ = C°°{M,i), s®f^{q*s)-f 

is a linear isomorphism (cf. Thm 7.1 in |ABP06j ). In this sense, the i?-Lie 
algebra Til is an i?-form of the 5-Lie algebra C°°(M,i). 

Problem 5.2. Let ® denote the completion of the algebraic tensor product 
as a locally convex space. Determine to which extent the map 

ril§c-(M,K)C~(M,K) ^ - C°°(M,t), s®f^f- iq*s) 

is an isomorphism of Lie algebras if A is not necessarily finite. In the proof 
of Theorem 7.1 in |ABP06j . the finiteness of A is used to conclude that its 
cohomology with values in any rational representation space is trivial. 

Example 5.3. (cf. Example 9.7 in jABPOep We consider 6 s[„(C) for n > 2 
and the iterated loop algebra L{t,ai,a2) defined as follows. As cti G Aut(6) 
we choose an involution not contained in the identity component of Aut(t), 
so that L(fi, (Ti) is a non-trivial loop algebra corresponding to the affine Kac- 
Moody algebra of type A^^l^ (cf. [Ka90] . Ch. 8). As (72, we take the involution 
on 

L(t,ai) = {/ e C°°(T,t): /(-t) = a,{f{t))}, 
where T is realized as the unit circle in C ^ , defined by 

^2(/)(ti) :=/(ir') 

and put 

L L(e, ai, as) = {/ G C°°(T, L{t, a,)): : /{-t^) = <72{.f{t2))}. 

We may thus identify elements of L with smooth functions / : i satis- 

fying 

fiti,-t2) = fiq\t2) and f{-ti,t2)=<Ji{fih,t2)). 

For Ti(ti, 12) '.= {—ti, 12) and T2(ti, ts) '.— [t^^ ^ — ^2) we thus obtain a fixed 
point free action of A := {ti,T2) on and a representation p: A ^ Aut(t), 
defined by p(ti) ;= <ti and p{t2) id. Then 
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L = {/eC-(T2,e): (V7 e zi)(Vt e t2) f{t.^)^j-\f{t)}. 

This means that L = for the Lie algebra bundle K over M := T^/Z\, 
where M is the Klein bottle {t2 is orientation reversing). This implies that 
the centroid of L is C°°{M, C) ( |Lec80| ). hence not isomorphic to C°°{T^,C), 
so that L cannot be a multiloop algebra. 

6 Concluding remarks 

From the structure theoretic perspective on infinite-dimensional Lie groups, it 
is natural to ask for a classification of gauge groups of principal bundles and 
associated structural data, such as their central extensions, invariant forms 
etc. 

One readily observes that two equivalent if-principal bundles Pi —>■ AI 
have isomorphic gauge groups, so that a classification of gauge groups or 
automorphism groups of X-principal bundles can be achieved, in principle, 
by a classification of all X-principal bundles and then identifying those whose 
gauge groups are isomorphic. A key observation is that if a bundle P is twisted 
by a Z {K)-hmidle Pz, then the corresponding gauge groups are isomorphic Lie 
groups, where the isomorphism on the Lie algebra level is C°°(M, R)-linear. 
Taking this refined structure into account leads to the concept of (transitive) 
Lie algebroids and the perspective on Gau(P) as the group of sections of a 
Lie group bundle (cf. [Ma89j for results in this direction and |Ma05| for more 
on Lie groupoids). Presently the theory of Lie groupoids is only available for 
finite-dimensional structure groups K. It would be natural to develop it also 
for well-behaved infinite-dimensional groups over finite-dimensional manifolds. 

If K is finite-dimensional with finitely many connected components, then 
the classification of if-principal bundles can be reduced to the correspond- 
ing problem for a maximal compact subgroup, so that the well developed 
theory of bundles with compact structure group applies f [Hu94| '). If K is an 
infinite-dimensional Lie group, it might not possess maximal compact sub- 
groups H so that a similar reduction does not work. However, recent results 
of Miillcr and Wockel show that each topological if-principal bundle over a 
finite-dimensional paracompact smooth manifold M is equivalent to a smooth 
one and that two smooth if-principal bundles which are topologically equiva- 
lent are also smoothly equivalent ( [MW06j ). Therefore the set Bun(M, K) of 
equivalence classes of smooth X-principal bundles over M can be identified 
with the set Bun(M, if )top of topological K-bundles over M, and the latter 
set can be identified with the set [M, BK] of homotopy classes of continuous 
maps of M into a classifying space BK of the topological group K f |IIu94| . 
Thms. 9.9, 12.2, 12.4). 



^ The representation theory of compact groups implies that the unitary group of 
an infinite-dimensional Hilbert space is such an example. 
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On the topological level, each continuous map a: M ^ BK defines an 
algebra homomorphism 



whose range are the characteristic classes of the corresponding bundle P. 
The advantage of these characteristic classes is that they can be represented 
by closed differential forms on M, hence can be evaluated by integrals over 
compact submanifolds or other piecewise smooth singular cycles. 

These characteristic classes are quite well understood for finite-dimensional 
connected Lie groups -ftT, because in this case essentially everything can be re- 
duced to compact Lie groups, for which a powerful theory exists. However, for 
infinite-dimensional structure groups, the corresponding theory of character- 
istic classes has only been explored in very special cases. We refer to Morita's 
excellent textbook for more details and references (cf. |Mo01| ). Central exten- 
sions of gauge groups of bundles with infinite-dimensional fiber over the circle 
have recently been studied in the context of integrable systems in |OR06j . 

7 Appendix A. Abelian extensions of Lie groups 

In this appendix we result some facts on the integration of Lie algebra 2- 
cocycles from |Ne04a| . They provide a general set of tools to integrate abelian 
extensions of Lie algebras to extensions of connected Lie groups. 

Let G be a connected Lie group and V a Mackey complete G-module. Fur- 
ther, let ljj S Z'^{q, V) be a fc-cocycle and lu°'^ £ J7'^(G, V) be the corresponding 
left equivariant T^- valued fc-form with to'^'^ — to. Then each continuous map 
S'^' ^ G is homotopic to a smooth map, and 



defines the period homomorphism whose values lie in the G-fixed part of V 
f [Ne02] . Lemma 5.7). 

For /c = 2 we define the flux homomorphism 



where we define for each piecewise smooth loop 7 : §^ ^ G the 1-cocycle 



where Xr is the right invariant vector field on x with Xr{l) = x. If is a trivial 
module, then dgV = {0}, so that H^{q, V) consists of linear maps Q V and 
we may think of the flux as a map : tti (G) x g — » K 
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Proposition 7.1. ( |Ne02l . Prop. 7.6) If V is a trivial G -module, then the 
adjoint action of q on the central extensiong :— V(Bui9 integrates to a smooth 
action Adj of G if and only if = 0. 

Theorem 7.2. Let G be a connected Lie group, A a smooth G-module of the 
form A = a/ Fa, where Fa C a is a discrete subgroup of the Mackey complete 
space a and qa'- ^ A the quotient map. Then the Lie algebra extension 
g := a (Bui & of g defined by the cocycle lu integrates to an abelian Lie group 
extension of G by A if and only if 

QA opei^: Tr2{G) A and F^: Tri{G) ^ H^{g,a) 

vanish. 

Remark 7.3. If only qa o per^^ vanishes, then the preceding theorem applies 
to the simply connected covering group G of G, so that we only obtain an 
extension of G by a non-connected group which itself is a central extension 
of the discrete group tti{G) by A. For a more detailed discussion of these 
aspects, we refer to Section 7 of |Ne04a) . 

Remark 7.4. To calculate period and flux homomorphisms, it is often conve- 
nient to use related cocycles on different groups. So, let us consider a mor- 
phism (/?: Gi ^ G2 of Lie groups and cji G Z^{gi,V), V a trivial G^-module, 
satisfying L((p)*u!2 = uii- Then a straight forward argument shows that 

per^^s °7r2(v?) = per^^ : 7r2(Gi) V. (17) 

For the flux we likewise obtain 

F^, o {miip) X L{ip)) = F^, : ^i(Gi) x g^ ^ V, (18) 

if we consider the flux as a bihomomorphism 7ri(G) x g ^ V. 

Problem 7.5. It is a crucial assumption in the preceding theorem that the 
group G is connected and it would be very desirable to have a suitable gener- 
alization to non-connected groups G. 

The generalization to non-connected Lie groups G means to derive ac- 
cessible criteria for the extendibility of a 2-cocycle, resp., abelian extensions, 
from the identity component Go to the whole group G. From the short exact 
sequence Gq ^ G ^ 7''o(G), we obtain maps 

H\no{G),A)^H^{G,A)^H^{Go,Af = H^G^, AY-'^'^\ 

but it seems to be difficult to describe the image of the restriction map R. 

If the identity component Go of G splits, i.e., if G = Go xi 7ro(G), then it 
is easy to see that R is surjective, because the invariance of the cohomology 
class of Go permits to lift the conjugation action of 7ro(G) to an action on Go, 
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and then the semidirect product Gq x ttq (G) is an abelian extension of G by 
A, containing Gq as a subgroup. 

If A is a trivial module, one possible approach is to introduce additional 
structures on a central extension Gq of Gq by A, so that the map q: Gq ^ G 
describes a crossed module of groups (cf. [Ne07) ). which requires an extension 
of the natural Go-action of G on Gq, resp., its Lie algebra g, to an action of G. 
If we have such an action lifting the conjugation action of G on Gq, then the 
characteristic class x{Go) of this crossed module is an element of the coho- 
mology group H^{'kq{G),A) which vanishes if there exists an A-extension G 
of G into which Gq embeds in a G-equivariant fashion (cf. [Ne07| . Thm. III. 8). 

The following lemma is easy to verify ( |MN03| . Lemma V.l; see also 
|Ne06bj ■ Lemma II. 5) for a generalization to general Lie algebra extensions). 

Lemma 7.6. Let 'q — V (Bf Q he a central extension of the Lie algebra g and 

7 = (7y,7g) G GL(y) X Aut(g). For 9 e G^{q, V) the formula 

j{z,x) := (73(2) -f 6'(70(x)),7g(a;)), xeg,zeV, 

defines a continuous Lie algebra automorphism of^ if and only if 

^ .LU — uj = dg9 , resp. dn6 = uj — .iv for 9:=9ojg. 

The following theorem can be found in |MN03| . Thm. V.9: 

Theorem 7.7. (Lifting Theorem) Let q: G —> G be a central Lie group ex- 
tension of the 1-connected Lie group G by the Lie group Z = l/Fz- Let 
(TG- H X G ^ G, resp., az'- H >^ Z ^ Z be smooth automorphic actions 
of the Lie group H on G, resp., Z and erg a smooth action of H ong com- 
patible with the actions on 3 and g. Then there is a unique smooth action 
ug : H X G G by automorphisms compatible with the actions on Z and G, 
for which the corresponding action on the Lie algebra g is a-^. 

8 Appendix B. Abelian extensions of semidirect sums 

We consider a semidirect product of topological Lie algebras f) = n xi 5 g and a 
topological f)-module V. We are interested in a description of the cohomology 
space H^{t), V) in terms of H'^{n, V) and H^{g, V). 

To this end, we have study the inflation, resp., the restriction map 

L: H\g,V'')^H\i),V), resp., R^: H\i),V) ^ H\n,VY , 

satisfying RI = 0. We further have a restriction map 



R^: H\l,,V) ^ H\g,V). 
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The composition Rg ol: H^{q, V^) H^{q, V) is the natural map induced by 
the inclusion V" ^ V oi g-modules. If we interpret the elements of H^{i), V) 
as abelian extensions of [} by y, then the inflation map leads to twistings of 
these extensions by extensions of g by . 

We now construct an exact sequence describing kernel and cokernel of the 
map {Rn,Rg) which provides a quite accessible description of -ff^(f), V). 

Definition 8.1. (a) We write C'^{n, V) for the space of continuous Lie algebra 
p-cochains with values in V and 

Cf(0,C"(n,y))eCCP(0,Cnn,^)) 

for the subspace consisting of those cochains defining a continuous {p + q)- 
linear map x n'^ V. Accordingly, we define ZP{g,C''{n,V))c, 

ifP(0,C9(n,y))c etc. 

(b) We further write H'^{n,V)^^^ C H'^(n,VY for the subspace of those 
cohomology classes [f] for which there exists a0 G C^(g,C^{n,V))c with 

d„(0(x))=x./ forxGQ. (19) 

Because of the continuity requirement for 6, this is stronger that the q- 
invariance of the cohomology class [f] £ H^{n,V). 

Remark 8.2. Any continuous g-module action by derivations on a central ex- 
tension n = y ©/ n, compatible with the actions on V and n is of the form 

x.{v,n) — {x.v + 6{x){n),x.n)., (20) 

where 9 G Z^{q, C^{^, ^))c satisfies p^ . In particular, the existence of such 
an action implies that [/] £ i/^(n, y)!^]. 

Lemma 8.3. For [f„] e ij2(n, y)[Bl we choose 9 e C^g, C^n, V'))c as in 
Iil9\l . We thus obtain a well-defined linear map 

7: H\xy,Vi^^ ^H\Q,Z\n,V)),, [/„] ^ [d,0]. 
Proof. Using 9, we obtain a linear map 

ip: Q ^ der(n), ip{x){v, n) = {x.v + 9{x){n), x.n) 

which is a linear lift of the given Lie algebra homomorphism 

^=(5,pv):0-.(der(n)xs[(F)). 

In view of |Ne06bj . Prop. A. 7, the corresponding Lie algebra cocycle on g is 
given by /g = A^O G Z'^{q, Z^{n, V))c. The corresponding extension 

^ Z\n, V)^g = Z\n, V) xr q^O 
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acts naturally on n by (a, x).{v, n) — (a(n) + x.v + 9{x){n), x.n). 

Next we observe that 7 is well-defined. Indeed, if 0' S C^(0, C^(n, y))c 
also satisfies then 9' - 9 G C^{g, Z^{n, V))c, so that [dgi9' - 9)] ^ in 

Moreover, if /„ = /„ + d^f] for some /? £ C^(n, F), then 

X./n = X.fn + <in{x.l3) = da{9{x) + X.fi), 

so that 9{x) := 9{x) + x.jS leads to d„{9{x)) = x.f„. Then d^9 = d^9 + d^/? = 
dg9. This shows that 7 is well-defined. The linearity is clear. □ 

Lemma 8.4. For each 9 G Z^{q, Z^{n,V))c, x.{v,n) := {x.v + 9{x){n),x.n) 
defines a continuous action of Q on the semidirect sum n := V ><i n, so that 
l)g :—n yi Q is an extension of f) by V . We thus obtain a well-defined map 

^: H\g,Z\n,V))^H\l),V), [9] ^ [\)e]. 
Proof. A 2-cocycle defining the extension \)e is given by 

UJg{{ni,Xi), {n2,X2)) 

= [(0, (0, (n2,a;2))] - (0, [7^1,^2] +Xi.n2 - X2.n1, [a:i, X2]) 

= {0,9{xi){n2)^9{x2){ni)). 

If is a coboundary, i.e., there exists a /? G Z^{n, V), with 9{x) — x.fi, x G g, 
then 9{x){n) — x.(3{n) — f3{x.n) leads to 

we((ni,xi), (r7,2,X2)) = 6'(xi)(n2) - 0{x2){ni) 

= xi.(3{n2) - X2.(3{ni) + (3{xi.n2 - X2.n1). 

If /3 : f) — > 1/^ denotes the continuous linear map extending /3 and vanishing on 
0, then LO0 is a coboundary: 

(df,/3)((ni,xi), (n2,X2)) 

= xi./3(n2) - X2./3(ni) -I- dn(/3)(ni, n2) - /3(xi.n2 - X2.n1) 

= Xi./3(n2) - X2./3(ni) - /3(xi.n2 - X2.n1) = a;(j((ni, xi), (n2,X2)). 

□ 

Theorem 8.5. With the linear map 

77 = (d„), : V^) ^ ij2(g^ y))^^ [J^] ^ [_dn O /,], 

the following sequence is exact 

HHs, Z\n, V))^H\^, v)^^^^^H\n, F)M ® H^q, V) 
-^^H\2,Z\n,V)),. 
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Proof. To see that the sequence is exact in H^{i), V), we simply note that a V- 
extension corresponds to a class [/] G ker(i?n, Rg) is and only if its restrictions 
to both subalgebras n and g are trivial. This is equivalent to t) being of the 
form [) = (V^ X n) XI g, hence equivalent to (jg for some 6 e Z^{g, Z^{n, V))c- 

It remains to verify that mi{Rn, Rg) = ker(7 — rj). If [/„] G im(i?n), 
then there exists a topologically split extension f) of f) by the topological 
[)-module V. Then f) contains n as an ideal, so that the adjoint action defines 
an action of (j on n. As V acts non-trivially on n, this action does in general 
not factor through an action of f). Let p: i) ^ i) denote the quotient map. 
Then n = p~^{n), and we put g := p~^{g). As we have seen in Remark 18.21 
the action of g is described by some 9 e Z^(g, C^(n, V))c satisfying 

d,{e{x))^x.f iorxeg. (21) 

Writing Q as V (Bf^ q, it follows that 9{x) := 9{0,x) satisfies (ITO)) . so that 
[/n] G H^{^, For x,y & Q we then obtain the relation 

x.9{y) - y.9ix) - x.9{0, y) - y.9{0, x) - ^O, x), (0, y)]) 
= ~'d„{fg{x,y)) +9{[x,y]), 

i.e., dg9 = ~d„ o /g. Hence, any element ([/„], [/g]) G im(i?n, is contained 
in the kernel of 

7-7;: i/2(n, © H^{g, V) ^ H^g, Z\n, V)),. 

If, conversely, [/„] G ker(7 — i]), then there exists 9 G C^{g,C^{n,V))c 
with dg^ = — dn o /g, and then 9{v,x) := 0(a;) — d„u defines a representation 
:= F ©/j, ^ dern, compatible with the actions of g on n and V. 

Then the semidirect product n xi g is an extension of n x g = () by the 
space V xV. Since both V^-factors act in the same way on n, the anti-diagonal 
Ay acts trivially, hence commutes with n. Since g, resp., g, acts diagonally 
onV xV, it also preserves the anti-diagonal. We thus obtain the T^-extension 
i) :— {n X g)/Z\y, of f}. This extensions contains n and g as subalgebras. This 
completes the proof. □ 

Corollary 8.6. Ifn is topologically perfect and V ~ V", then 

{Rn,Rs) ■■ H\\), V) ^ H\n, y)W © H\g, V) 

is a linear bijection. 



Proof. In this case Z^{n,V) vanishes, and the assertion follows from Theo- 
rem ESI □ 
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9 Appendix C. Triviality of the group action on Lie 
algebra cohomology 

Theorem 9.1. Let G be a connected Lie group with Lie algebra g and V a 
Mackey complete smooth G-module. Then the natural action of G on the Lie 
algebra cohomology H'{g,V) is trivial. 

Proof. Since the space H*{g, V) carries no natural locally convex topology for 
which the action of G on this space is smooth, we cannot simply argue that 
the triviality of the G-action follows from the triviality of the g-action. 

The assertion is clear for p = 0, because H^{q,V) = = V'^ follows 
from the triviality of the g-action on the closed G-invariant subspace of 
V ( |Ne06a) . Rem. 11.3.7). We may therefore assume p > 0. Let w £ ZP{q, V) 
be a continuous p-cocycle and g € G. We have to find an 77 e CP^^{g,V) 
with 17.0; — g — dgTy. Let 7 : [0, 1] G be a smooth curve with 7(0) — 1 and 
7(1) = g. We write (5'(7)t :— 'y{t)^^ .j' (t) for its left logarithmic derivative 
and recall the Cartan formula Cx = ix ° + ° i-x for the action of g on 
G'(g, V). We thus obtain in the pointwise sense on each p-tuple of elements 
of g: 

g.uj-Lj^J ^j{t).ujdt ^ J j{t).{Csi{^)^uj) dt 

1 .1 

Jo 

1 











For p = 2 we obtain in particular g .uj — uj = dgrjg for 



rig{x):= ^{t).oj{5\^)ukd{^{t)r\x)dt. (22) 
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